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i

Two of the most iy seult mobloms in applied electy omagnetics are those «f

predicting the scauk-wing characteristics of the conves metallic sarfaces of radar

_ ‘;:u‘gqt‘s and of predicting the radiation properiics of anteanss mounted on, or near,

! , such aurfaces. The Theorctical Analysis Section of the f12etromuagnetics Depart-
‘ anL is engaged in S development of numerical methods for the computdtion of

~these dilfraction phenomdna,  With the ucl ol Lal)lu ()[ gertain new fundamental

functions, the soiubion of many of Hw-w m ub]om: can. no\\ he treated hy o ray-

! Lri l( ing proce (llll‘(‘ which is o logic Ll axtansion ol els leJC,:..]. g:‘r.ampizt:r:i.cu_;lv:md physical
i U])Lu' . Uhis report ig the l:mt of a scrfes of reports on the theory uh(l applica-
tions of these functions., ' ‘ .
A N
. The first volume s }ir,imn}'ilv'y (“:()n(:hI'n()(l'\v.“,h the r,lc‘»‘l‘olf')‘l;\m(ml. of the mathematical
K ! L(m]};b Lo he uni'hln‘\"t'c{‘.fi1_'1 th u“:‘iphlh mwm \uhu h \v)ll b (llwmwrl in Inter volumes., '
v Famphasis iL; pl u-u’}- ulpun ho o hmlwn nf snd (lu nvuwn ol (reoperties of ) o cliss
‘ i Col diffract 1qm Jnj,th;'l {4 \\’ln(ll are 101 the l;;'\i,u'sr)lui‘.mns; af the para \.‘r)ll(.‘! pivtiat
L o l Cdiffere gl (‘(]1 m(m b :,!.: .U\ i \/lJ : ().{ The recent work of the Soviel physicist
o L v, A )'m l> n doer " Pol dned 1»1(!111\1(‘!*, Al mmhnr of other .

K lh.ult"llhu \\'ml ol
b

\
; are Shown Lo bis specind cubes of Lh(‘ frenerad

classio r m,«u!L in rlllh e Hnn Lhu)_;

!

lhcm VoW ndl

" .1

The sec dﬁn(l vull| vl w1H consist of tables el praphs of the (liﬂfl'zldj.iun integrads,
B TR
and will hlso mipu( q certain auxilinvy tables which facilithte the domputation of;

i R mn :

the (J(Lk‘l of Juxul,&ms digcusged in the fivst voliune. Yo the thivd volume, the

classical exnct soludons for sphevey and cytinders witl he expresserd in the form

/
=

of asymptolic expinsions in which the coelficionts wre expressed in terms of the

functifm‘s defingd and studied in te frst volume. A ssiple of the results to be

-

it
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i

obtained in the third volume is given In Section 14 of the first volwy . Thes ¢
asymptotic expansions lend readily to numerical vesults, whereas the exact _
solutions converge too slowly to he used for numerical purposes whop the rodif of
curvature greutly exceeds the wavelength, Thlb approach is only us ,Iul hm_v'e\n:a;_‘;

when the exact b()lllhm] is .xlrc'ulv knoWn

A prrturbation procedure will he used in the' ioumh volunie to rederive some of tl"(ﬁ, '

y oL

resu'ts of the third vn’unm without wumnsc to Lthe exact solutions. T

e "mulym

will then be extended to ¢ utun geomptries for \vhu.h ex et solutions s te not

readily obtined. ¥ urtl'u‘.r ) is and gener Z:Lll’ﬁ?l.bL‘ﬂS will be given in later

volumes in t" "= series. .

E e v e

'l‘hd developn: ot of the pr upcn Lu B O ,Lhu (hur wLmv i: egrals in the firsf'."_vo],um;e,_has '

“been patterned after the classic 11 [.L ealmontg:of B(‘ssn, functions, Legenire 1§oly'~“"’ R

< ph sicist s 01

3

,nomihls, ant similar speciul fum,[.mns in phvs;m . F‘ﬁ & mathematdsy,

the 19th century boldly intm(lu(‘@(‘\ Lh(‘-.-;'e {nusieal cm( cin] functions and 1.mﬁ;‘t«"‘.y taid -
a firm foundstion Loy "(iLh Gong LH“‘)’{‘L'H(,(!] el in be )Unfl' xy value problems for spheres

and circular uvlinclm.s._ However, monL ul ‘}w Lk Mc‘u al problems i diffraction

Lhcnxy lie m ll‘]'f €0~ e \llo l "hlg,h Lr'( (]w n( y,. rapion i."xern the clossiday soluti'ons

fail to convmuv l(,(L(|1Jy L() ylold numericil I‘Lbllll B Uurmg the last fitty- years many

authorss have .L,(;-x;.,h L() providegme Lhnfl "'[Jr Lk" evitietion of these 1)1’00191(15 in which

thersise of the dl[[l .ncl,mg obstidtlo l-w].l] 2o (,omde il Lo w LV(‘]( ngh. i 15'7'7

R

- 1914, L()V(, (R(f ZH\ sm)vc v(\(l lln [ul(l dm wrutr“ ”UhfortU}/atLly, tllL c,m afm‘n ‘
has hecn an(‘hl,l[.”H.C»iﬂ by 'lmure\nt mc,thm.;.s wzthouh ndoguat; O OT 1::‘,{,".'&%',\‘:1,:12‘..*1 the
L‘(,Slgﬁps th: . have been obbained are \0\ m*vx lmt digcor LLmL The (hflhiﬁulhos ()i the
:probhdnﬁ of co- 01’\1111‘1"( i lms h( ehn, lurthm uﬂmnc,(\(l ih roect 1 years by the ificreased

actwlty in this. wld whit h havie heen ¢reg md nr mmmly by. upphcatmn of dlffI"lCLlOll

theory to the r'mmLJon ,n«d b("lltormg of micrownves. We have compn . Lhe notatlons
of some of the loa (Im- ~1ut1m and he we ml,r aduced aset ol standard notations. We
have iried to rv - Lupe some of the spn it ol the clusgicists of the mnet(,(,nth ce nuuy
by qut(,mam,dlly (lo veloping a mnrnu;,h know Le Ipe of r(,pr@sentrltlom and propertles

of the fun(,Lmns I

iv
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8 7 The devrivations may, it firsi reading,create the impression of constituting
:’i;‘;g . g,
%

interesting excrcises in advunced culculus. We readily admit that we enjoyed
% _ - these excreises, and we invite our readers te join us in later volumes to witn:ss

‘the numerous applications which can be made with the results of these exercises,

gi - " The size snd complexity of our compilation makes it vain to hope that errors f
~judgement, or mistakes have been avoided. We will be glad to receive corrections

§ ¢ Pt U or suggestions which can be employed in our future work in this field.
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ABSTRACT

This study involves a generalization of the ray-tracing techniques of geornetrical
vptics through the introduction of a class of universal -funictions which can be used to
prediet the aniplitude and phase of an electromagnetic wave reflected or diffracted by
a convex metdllic surfacc. These diffraction integrals are generalizations of functions
previously used in studies of radio-wave propagation around the earth's suffface by
The

combinations of Airy intew_;rals in

varj der Pol, Bremmer, Pryce, Fock, Pekeris, Rice and other recent authors.
functions aré ‘;defined a8 Fourier mt'egrﬂls having
‘he Airy mtegrals, and partu,ul‘n ly the Lhistury of notations for thcsc

The present study differs from- other

1o

il integ‘r‘a'\“(’ié,
mnctxnns are dlvcussed in considerablu detdil
stusims in that it emphasmes the role pla\*ed by the Taylor and Taurent exp:msions

for these functions. rI‘h@ di ffl(’ult "tranfaition“ regions ure readlly handled !)y sum.-

mmg, certam dlvg*rgent seriob by means oi classical summation techniques,

Wl o h. . . v
. Coe . '

X

from slot antcnms on a cxrculiar oylinder

P
i

¥ fl
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NOTATION
Asg it ig mmoqsmle to avoid using a large number of (hfferent sym‘)olo durmg the :
i course of the worl, some of the symbols used most, frequently togcther w1th B
.
) their definitions (or references to fl;,u]‘Ob or equations in‘the uext wh1cn “Jefine o
k i o ‘them),. are hsLed hcm for the convenience of the re adur D
4 £ w an;,uldr frequency , ' o ) . i '
1 o T ) : ' R A i
1 ] A velengt P : ‘ - SN -
i k propamtmn cmutant (Zﬂ/?\) CoE o S
: : ‘ Co ‘ : ‘ ' L ' L
' ! Cirndius of tlu convex snrhce S ‘ . . SR -:
. PR 3 c/lindl‘lc‘il polar coor(lm.xtcg referred to; centor of curvature (Big 3) ii‘ E
E i s 1’;'1 . ‘dlst‘mcc of source h‘om center of cugyature (g, ) ‘ X K
S : o ‘(lié‘stanbe uf I‘GCGiver ‘from cen_@,cr ()f curvatur& (Fig.3),
'v,,‘l w1pi' /i*'h"l, . \l‘hc Lof e,uurcc nlgove Juria(* ([‘1;., 2) I o . e
;l - hz helght of rocuvcr qhov& uurf'lCO 1[‘;@, 2) - - §§
| 1l { ‘
g “’ . .. ‘ I ' }l . . . .
v i " q;{ . dlstance from sour m:ru,el var mcaeured '1long ‘the surface (Fig."z_‘)_- & St
S S N v 1/3 AR A - L
T , "d'io : natﬂral umt o[ dmmm v,,( 2n /l<) /: , Sli‘e I- S - : N
S ) el . ty . O oy
B Ch . o\1/ SR S TR
IR A H 3| umt ot hmghf (fl/.&k ) /3 Soc Lq (1 )‘,, W T d ; ~"’i|‘” . i
o o . ey ‘ o : |- ,
v ¢ ‘ i ¢
ER i d1stance from source Lo pomt of mng,cncy (Fw "i) 3
Doa } chstam'e from. regeiverto point of tmgruncy (F’lgf 4) ey .
S : u, o -
i : arcneng‘th bctw(;eh peints -of Lfmgency (Flrr 4) K U Y T
o eikonal lSec 2) coe 5
" ! natural ubit of 1ehgth 2a ';) Scé Eq. (1.3) “
: ' . /3 o -l e
ﬁ SO natura] umt of (xrclength /k See Eg. (1.3) ,
El fa
i g r ‘
| ' Lo Xix o, ,
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distance {yom source te receiver (Fig. 6)

-~

arclenglh m(‘:wurcd in natural units Sce kq. (1,4)

q. (1.4)

R

angle of iuci‘d‘ehce or reflection (Fig. 6)

SO Ay S 2

o
D1 distance fl'um source to reflection peint (Fig. 6) .
D2 r{isi.:mpe. ﬁjnm receiver to rellection point (Filg‘.'\ 6) )
b-=a sin d collision parameter (Fig. 7)) .. o ‘
‘g €, N Ko permittivity and permeability of »free‘spac'eff
I S M o8 _‘ :
i . N R . . :
) v oo vpelb‘m'ittivity Dermoabmty, and conductwi“ of tonvex solid
v;,. A r‘ ' Ig ' ' . 1 ) I
‘. ("1 €y :'-i((y/g;) complex pwmntwltv[fm exp(# iwt) tm*. o pendence—l - N R
i Y- ourfu ¢ .ndmlLLan('o Eq. (2. "‘7‘”) L - o R
i ' 4 -surlace nnpod mee. Lg (2. :;1) : o o : i
D’ d'iVng[,CI]CC 11(10; I' 5. (2. 6f "o i : C e e
i . } o o e i ‘ )
’ refl ction coefficient Lq 2. oo Lo : "
| CAdry. nlLL{,,LLlS '..q ‘ﬁ 3. 4 o 1 CE "
i 7/ ) B 1(.J.,h 1[01"&. (1111)‘:1%1021 mto*'rwl Eq (3. 1) i _
van der Pol L’rh ‘diffz':v'hon mleﬁml Eq. (3.1 | ‘ ‘ﬂ‘ i 1
YIG‘Ilﬂflh/,(’(l 11:(11)0(1.1m,(, w& lmct(,r Lq (4 15) REENE R b g
o o , Sy ,
7 normuli (\(1 1mpCdAn( ¢ n'immcter T 1:.‘ (4 25 5. 2() e i
R oo - i !
o - t.,d) Fockis (hffr'u‘m()v 1nL(‘”1‘Eu \uq E
Cd Z S R ‘ e . x % )
" = f i Any Inlcg (113 TR (4‘ 16) o oo o T
o i : - v\. », ,1 o o : o "
b i PR P oA . by t . < . - . . "
: Bl Airy ;,ntegyzyl ;_‘ficos (:) x o+ tx)dxb " S O . K 4
e §oe v S L & T ‘ : i S R
A ' Lo
: L : . o0 w ;
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i “Bit) tHe second Airy integral = & i ,
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modulus of Alry integeal Bq. {4.25)

r
~ "
=
=

x(t) ~ phase of Airy integi‘nl Iig. (4.256)
G(t) modulus of derivative of Airy integral kq. (4.26)

) phase of derivative of Airy in‘dg‘ru Bg. 4.26)
P(t) ! fd t [A t [ 4. 20

Wi
>

roots of Ai]_.‘;,/"'inl:egru.l ‘Ai(—ozs} w0

B . -roots of derivatives o) ..iry rtegral Al (- ﬁs) =0

w

(@f . form of Airy integral used by Franz and Keller Eq. (5.24)
(

(x ,q)  attenuacion function (Nichelson functions) Eq. (7.2)"

i . o .
' TR . . - . !
‘ VK, 9) cur cent distribution functions (Fock functions) Ed. (7.9)

':» yvzl(g,q)»- reflection cooffici'e‘rit function ’,(fPelceFis funﬁtions) Eq, (7. 1‘1_)" T
Eq. (7.2) o
i . sl 'w‘

:

kq. l‘('z.ll.) . ” ,‘f ‘ S l ’ .

5

i

Fresnel iflegral Eq.. (1.18) Pl T L BT Coy

i - modified

;;Pekeris;;cavrel;; funiction Iq (1. 10" P g . e
7 ’LS » . roots ofwl(ILD)—q wAL'('[;S?l «o.. . Eq. (7.28) ;‘«
” [ oy . I .'r/ ‘

0

r()(‘;'t,s"of wl:tS’? 0 l‘(“] (7. 38) s P - ”

1(LS§;)/ © 0 Eq, (7.37)

3

' t " Troots of w

i
A
i
i

o ~  SN R =eXE?(i %’3

: . . Ca ', current distribution functions for & < 0
;. G = expi 55 ) g @)

; A . P ! : .
g o - : . Xxi

LOCKHEFD AIRCRAFT CORPORATION MISSILES and SPACE DIVISION




i
.
]
W

i i

)
i
b
P
il

R

1. MED-288087

. N
/12y + (1 w/4)] p(§) reileciion coeflicient functions
for £ <0

RS P
ity - 2/V-f exp[(z LS PAR

Q) = 2 V-& exp[(i £3/12) + (i w/4)] a&)

J(n)(g)
k™)
f(“)(g)

™y

A™ee)

Eq. (7.76)

. J‘(ﬂ)(g) \

hl_n
)

28} s e s

Porg. (2.9 .
Nr}: . i \

Foyp Vg 5)} Tq. (15.1)

< G{x ¥y Yoo @
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E‘l(x)YQ 6)

q. 5.1
Gl<x,y,q>} q. (15.12)

I(&, @)
(¢, a)
r{g,x)
Kg, g
alg, B
s(&, B) }

Eq. (15. 26)

N 1)

J &) = m (£) \\
. ¢lo) ’

fm(ts) ’me '(E) ,

r @) =l

m
' . - g, (15. 26)
_ )
K8 = K @) o
) = 0,

= 50 (®) / .

m

,qm

.8

T ~~
,

) By, {15.55)
2 ) Ed."(15. 62)

‘We have used the notation z <

larger of two quantities Zis Zg -
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or z_ to denote, respectively, the smaller or
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Section 1
GECMETRY OF DIFFRACTION PROBLEMS

.
The LMSD general research pregram in diffraction theory is directed toward

the development of melhods for the computation of the diffraction phenomena
asgoci . d with (a) the propagation of waves around, (b) the mdi'ation of waves

from sources in the \;icinity of, and (c) the scatlering of waves by convex

metallic surfoces. This study involves a generalization of the ray-tracing téch-
niques of geometrical optics in a manner which permits one to computie i;h.é '1m1)1if
fude and fhu phase of 0 wave reflected or dlf[l acted by a convex lﬂ(‘l'l“lc surface
which has 1adii of curvgtur nf](n"ror than scvuml wavelengths. The ordm‘ary_‘cal—‘ »
culuf;mnn.l procedures of g_o.umotrlcal optics can.only be used on these p_‘rob'lemsr.
whet the radii of cury vature greatly exceed-the wavelength and when the reflection
poiﬁi is far from edges, sh: wlow- houndarics , and c;the“ rilsd()ntinuitir‘s The présent»
mvc-qtlg wtion . mvnlvos the mh n(lm,Lmn of a cliss of umversal functions which (,{m

ho buqe(l to prodict the rotlcctmn ])honnmcn(t 111 the. lmu-()i Hl;.,ht region dnd the

. Llun phonomcw in th(, shadow' rq_r,mn Thc funutmrm whu,h we w111:usc are
cr(,ruir'd Irnm the wolil'— cnown dlrfl(lftl()ll f[)I‘l’I‘LLlLl w}nc,h was usucid very (,*(tmmwelv
durufg World War 11 lm th conslr u(,tmn ol covery m(, ding ‘:un,s for radats mounted K
b . T
uuovf* a sphctm.xl v,Lth in a so-called ".shmd'u‘d b y mphor o This formuld had o
‘ 5, l\’Ludumld (Ref. 2),

(Ref ), (md viLiy dcr Pol and

atuon (Ref.. '3), Vveudonc'ky (Rol’ 4) van- dm Pn

Bremmur (Rpf 6). Ilﬁ this uopmt we give a numer ‘of cm‘ 1d}ms to th]f‘ mofhnd

of Lreatmg diffr actmn'}w convex g ur[‘lccs 5
i
!

‘ C
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FIRST LOBE: Y/’SECOND LOBE
s

O\
HORIZON T~ .
—

— e

- .
WAVE GUIDE y . _

e -
LEAKAGE e
el -

- 4\/
//H

\\

THANSMITTER

Fig. 1 The Mechan»ism'of Diffraction (After Booker and Walkinshaw, Ref, 7)

Al,)()ve the optical hovizon, the ficld of a4 transmitter situated in the vicinity of a
curved ”SLll"f:LCO consists of 4 succession of 1()])05; "(:,;.u.lso('.‘, by interference hetween
the direct wzl\éo from the swﬁroe and a wave which is reflected from the surface.
The form of Lll(, diffraction-ficld helow the horizon under’ the condition ol prop-
;LQ:LLI_uu in a "Sétﬂ.lfl(l;t}l’(l-;lt,m;)S|)h()l‘(5" citn he considercd Lo he the field due to a

' leaky wuveg“ui“dc hgjivi’ng i “height' 1 which ig of the order of

it

J b v ’ : B

: ' R V4 foa 178
| we (N) s ()
2l ] Ry~

where a denoles the radins of curvatere of the gurface, und A denotes the wave-
ength. In Fig. | we represent this description of the diffraction problem in the
manner employed I)'y' Booker and Walkinshaw (Ref. 7) who refer to H s the
“track width” of the waveguide.  Most authors refer to the diflracted wave near

the surface as o surface wave.  The track width plays an important role in these

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION
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problems. The methods of approximation for the expressions fur the field

strength are different according to whether the detector is above or helow the
track width. Furthermore, in the vicinity of the track width, the guided wave
propagates at the speed of light, whereas for points closer to the surface, the

wave has a velocity which is less than the velocity of light.

Most of the studies which have been made by previous authors can be classed as
a radio problem or as an optics problem. In the radio problem, the source and

the receiver are located at heights above the gurface which are small in com-

parison with the radius of curvature of the diffracting surface. (See Fig. 2).

5 - Fig..2 Geometry of the Radio Problem

In this ecase it is conveniecnt to use the distance d measured along the surface, and i
‘the heights b, h, ‘
venient to define so-called patural units of distance do and height h() defined by

of the source and the receiver, respectively. It'is found con-

2.1/3 1/3 5 . 1/3 '
_ @_) =(_,-_2:,) :(a_?\_)
do ( k ka a P (1.1)
1/ :

a "34 ka. 1/?1 _ a)\z 1/3 o
b, =(25) =(%) & (¥ a3

2k . b

1-3
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We then define the dimensionless variables

oy

We observe that H = hO ; 1. e., the track-width of the leaky waveguide is of the

order of one natural unit of height.

In the optics problem, the distances of the source and receiver are large compared

with the radius of curvature of the diffracting obstacle (Fig. 3). In this problem

Fig. 3 Geometry of the Optics Problem

- the geometrical lengths are the distance T] from the source ¥ . measured along
the tangent to the obgtacle, the arc length $ on the obstacle, and the distance

T, along the tangent {1 um the obstacle to the receiver (Fig. 4). We observe

2
that
R ) A ga) g [2 e
T1 -~~/11—a , S= cL<j)~COS - COSr , I‘Z»\rz—a
1 2
1-4
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Fig. 4 Diefinitions of T, Ty, 8 for Shadow Region,

It is convenient to def'ine the natu.ral units of length

- : /3. 2d/3 2 W
on, (&) (B0 )

1

and the dimensionlegs variables -

. zi ¢
LS T T, |
e R S N R (1.4)
So boor?y 2 T

We ohserve that S is positive when Q ligs below the horizon, and negative when
lies above the horizon. In Fig. 5 we illustrate thé significance of S for the case

when Q lies inthe line-of-gight of .

MISSILES and SPACE DIVISION
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HORIZON
~

~

S

e

\“""/.

Fig. 5 Definition of T, Tz, S for Line-of-Sight Region

For the case when @ lies well above the horizon, we introducs the concept of a

* direct wave passing from P to Q ulong the straight line of 19'1gtn ¥ which joins -
P and Q. We also use the concept of a reflected wave whwh passes from P to
Q- ‘along-the shortcst t path between these points Wthh has one point on the su;face
of the convex obstacle. Thr‘hi path congists of two rtra1ght hnes of leng’che D and

' Dq',_ as shown in Fig 6. In tlus figure we also defm\ ine angles o, [},

y
ki

1 1*5 alsoléonvenient to inti'odur'e the concept of the collision parameter b, which - L

is the distance of closest apptoach to the center of curvature of the extensions of

the straight line segments D1 and D2 ( g, 7). We observe fhat b=a sin « .

1
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Fig. 6 Definition of R, Dl’ D2 and o, B, v
i

Fig. 7 Definition of Collision Paramecter b
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Section 2 .
LIMITATIONS OF THE CLASSICAL THEORY OF GEOMETRICAL OPTICS

For almost a century, one of the most challenging problems facing classical
mathematical analysts has been that of supplying physicists, physical chemists,
meteorologists, astrophysicists, seismologists, acousticians, and electrical
engineers with simple expressions which descyibe the diffraction phenomena
agsociated with the propagation of electromagnetic (light and radio), seismic
(elastic), and acoustic waves in the vicinity of convex surfaces having radii of
curvature large compared with the wavelength. Exact solutions in the form of

Fourier series or series of spherical harmonics have heen known for circular

cylinders and sphereg since the close of the nineteenth century. These series,

_are very cumbrous in form, and, although they readily yicld a physical solution

for a véry small obstacle, they are quite useless for obstacles having more than
several wavelengths in thur circumfgﬁr n( Furthermore, the ,restrictio'n to
: . g
obstacleés having congtant radii of cutvature is a severe resfriction. ,
. . i . - ;
! ! . ' i '

! : !

in which the boundz\lu umdlkwns on the suri 'v‘e of the o-aatacle can be expr(,ssea
in terms of im 1mpuddmc(, boundflry condition. This excludeb the mterest(mg cases .
of transparent obst(wlu whn:'h have attracted oonsmm able- attention in the fields
of physical chemlstry meteorolog‘y, and astrophysics. Ho‘w'e\wr a larp;e dlass
of probloms in mdw, television, radar, and sonay eng*neermg can be tr uted by

mtroducmg the COncept of an impedance bounda1y

In Fig. 8 we depict a discontinuity in clectrical propertics across the boundary 8
of two homogeneous, isotropic media. We define the complex permittivity £y to
be -

¢ = oe T Hu/w)

2-1
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oo

} L
s W’mﬂ%ﬁ”‘;ﬁm\
€1 p Ty ™

Fig. 8 Discontinuity in Electrical Properties

The impedance houndary condition to be imposed on the fields E, H exterior
to the convex surface can be expressed in the form '
(L 1kYEt)q=0 (——n VikZH ) =0 S

+
o | tg

where ‘9/pn denotes the normal derivative, the subscript t denotes the tangential

- compopents, and Y is the surface admittance

)
v -
{ i

g 2 e

H - . . " . " 1

Y = -2 2.2)
By VoM, - ~)

4 : K .

-

and’ 'Z "is the éu_rfaée impéda;lce ) B » ‘ -
P | ‘ "e i e'# > : o

: " ' AR S 0 S D ' : T
L A G IR | e

o
: I ; .
The simplifications agseciated with the introduction of these simplified boundary
conditions are not énough becauge there still remains the problem of solving the
wave equation. The theory of geometrical optics represents an attemnt to replace

the wave equation by a more tra.table mathen{atical model. This theory was

2-2
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developed by Hamilton during the fivst half of the nineteenth century. An excel-
lent modern account of the theory is given by Freehafer (Ref. 8). A solution

of the scalar wave equation

2 R
V¢+lc?n:p = 0

is scught by writing

» = A exp (ikS)

where A and $ are real functions of position. It is found that these functions

must satisfy the relations

ws)? -V A ¥ -

S Ak

2. . 2(YS)  (VA) _, - :
S+ A 0

i

. : L ,,
- To ubmin u tractable s1mpluf1cat10n, it is genenlly '1ssumed that \7 A /Al ccn’

4
and herice 7 : ‘ . ;:j o

o

y . 7 . (VS) = n o ‘H Lk

This s known as the eikonal equation. In free space, n =1 ;tdsd_

CORE ER B

. xn this case S medsures the linear (11st:nrc of propagauon of waves travelmg in .

a consta nf rhreotmn

One of the most important results of this theory is the refiection formula for
reflection of waves from a convex surface which has radii of curvature greatly

exceeding the wavelength provided the reflection point is far from edges, shadow
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boundaries, and other discontinuities. Consider the special case of a line sourece

situated at P {Fig. 7) which gives risc to a 'frc»c space field

¥

i 2 ) - .
= 3/ R exp [ iR - w/4) ] (2.4)

Q

in the vicinity of a cireular aylinder of radius a . The field at Q is then given by

i 2 ; i /2

=k [l Mg - v 4[4

U 1y kR exp :;__.1(1\R n/4):| g vI/ <
e e S e e i g

rD exp!i [k(D, + D)~ n/d ]}(z.C)
. e .
directi wave _ reflected wave

whore T s the Fregnel refleetion coefficient and D s the divergence factor

= h ' -t L Cos .

Cos

;51) Vlﬂf;rrp‘kfzf‘(’lk)ﬂ‘»r'D ) 2D D .+ aD, +D,)
S Py e Yy It At Rt

‘that fakes into ncconnt the faet that the pencil of rays incident upon the convex
surface diverges after-refloction hecause of the curvature of the sufface. * The:
eikonal for the rellected wave is 7« ‘

n
" .

N . L , o Lo
- If. the impedance boundary condition s exprossed in'the form

/ oU -
(vU ikZU> :
. an | surface

¥

the. Fresnel }.‘eflectir:ai coefficient is

7
CO8 ¢ — &

U= cos o + 2

2-4

R — (2.5

2.7
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; wave E

“taken to be (ka/2)
T3
length, and \Ju‘3 - he sX

whare o = sin

incident or reflected ray.

LMSD-288087

{b/a) is the angie between the normal Lo the surface and the

During the past ten years a number of attempts have bean made to extend the

valldity of this reflection formula by sceking a representation in the form of an

asymptotic expansion of the form

i /2
4 v k.

= D exp{i[k{Di + 13'2)_~ ;,}4]‘ "1 .

These results have only a llmlted usefulneﬁis m the line-of-sight region and cannot

3

be used at all as one approac,hes the shadow boundqry

" the oecovxdo.ry field is known to be of the fo

For example, if the plane

2. >‘p |_1k(p - o cos ¢/2)1 { ;

i‘ :
W

= exp (- ik p cos ¢) illuminates a pcriectly conducting circular eylinder;

g

TaosTard

[#: u)s hro

33

AT ka cos 4;/2

& 1

VA 51 z(lm)

i

o w0
H { B

i

In order” td obtam a re:suh whxch ig-

+ |J
4(1((1) cos ¢/2
+ Y] -~
cos d>/2 (k‘) '

. For ¢ — 7, this spilieg is uscless regavd}
N N

5

“ ol

IL(k‘a)2 (,os ¢/z

ess of how large kK wight be.

valid on shadow boundaries or horizons, one

has to abandcm the cor;cept of direct and ‘rf&flected‘rays beeause these rays coalesce

at such.a houndary,

1/3

LOCKHEED AIRCRAFT CORPORATION

The or11.er10n for apphcablhty of the opuml concepts can be

>3 to insure that the object is large compared with wave-

in order to avoid shadow boundaries,

]
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" upon their limitations. The difficulty was due largely to the fact that a solution of

LMSD-288087

Séctiun 3

A MATHEMATICAL MODEL DISPLAYING
CHARACTERISTICS OF DIFFRACTION PHENOMENA*

In the last section, we reviewed tho : mu of gecomeotrical optlcs and remarked

YU+ kU = 0

had been sought in the formiof a primary and a secondary wave

U A}’. exp (-ikR) + Av%‘,vexp\[ —il((r)l_ + DZ)EI ’
e .‘i:‘] . ErE N ;:‘ V

: Whth would satisfy the 1mpul mnce bound‘u‘y condltion

4 Yoy,

. SikZU 0 - . :
on - - ' K By
[ k " i
- We now want to scek a solution of the 'form(,f.;‘* : , i e . i
. 5 S Bt ! . 5 ' !
- ey u = a8 oxp (= KR) Sh
- . “ . B L L . :M“ !(

Gwh‘ich will be valid on dnd near the ‘shadow boundary zmd whfch w111 h'lV(, the )1 upelty

=“that, well above the shadow houndary, 1t,dgre.cs with thé ¢ pilc,al result.

In this .scct‘ion we will follow Frechafer and use an exp (iwt). time dependence.
In all other sections of this report we use an exp (-iwt) time dependence.

2
1
[
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A stut'l.ble nmth(,m.ltmal model for such a solution {s discussed by Freehafer

LMSD- 288087

(Rbf. 8) in Section 2. 10 of Vol, 13 of the Rudiatiun Labmlltory Series. In KEq. (JGI)

we find the Fourier integral .

* oy

®{d, by, hy) = ]/fd ée\p n-d)[yah + 1)y, (b +7)+I‘)1(

where’ I is defined by Eq. (355)

t
yl(rz - hopyl(’r)

Yolm - hd“}’z(-’”

and yl(g) s y.z(?;) . za‘ror‘.thc‘ Ai'r_y' integrals

N ’ L w . . : c . o0 ' ’ ) e
: . r_1 .8 e IO S
: : yl‘(‘t) = - 1/\/1—1-/ cxp[— 3 X —tx]dx 1/\/1Tf exp [ g X0t iEx ] dx
\ " o L oo :
h " . » ., heo : " v uo_;' " )
. B (). = 1A ] o;i_- u x' ~—fx]dx - AT f \o;p[ i 2 x‘ - ir-}l‘(] dx
o Y0 = 1A | expl - g - g XUk

0. ' ) . O .

'

which :ir(, dib‘éué’svd'at length by Frechafer in Sbctioﬁ 2. () The quant ty

. M - ‘ /'.} ho (1 ‘]’/))]/3 I'

.M

we can write -

depgnus upon the polarization oL the wavc If the chatacle has a wave number
LE - # .

5 J2(h + iy, h, *T]dT

(3.1)

(3.2)

(3.3)

: (’iz. 4y -

is the standard umt of nmght defumd GJ.IIXLY‘ The quantity p-

1

vp, = i k /k ) / = ik(e /E /t )~’1 = {kZ, (3.:‘5)
for vertical polarization,
= i/kj - kz = ik\/(("'l/fo)— b= ikY, for horizontal polarization, (3.6)
3-2 -
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1
where €y donotes the complex pevinittivity -

Ll = cl-la/u_)

This i_xiteg;'ral was first introduced in 1941 by M. H. L. Pryce (Ref. 9) in a report. '
on the 11111it111i; 1‘n1)ges.vf;§f,ti1(z carly B,,fitish radar sets. Becausc of the s:p‘ebific
»re‘ference"sﬁ given to Wav"el‘cngtl and power output of these radar sets, this repou

was clussified and received only limited distribution. The r(,snlts were aummarlzed
by }:rc,elmfer, and fin qlly, in 1953, Pryce (Ref. 10) published a paper based upon thls
walurhne report. ' |

i P

(Alﬂmngn the work of Pryce nnd I‘ruehafgr was well known at Radlatign Tuabor'ltory,

and Kerl s "Pro ngntmn of Short Radio \\"wos" was pub hshed in 1%1 the 1nt4>gra1
represcntatum for »(d, h ,h, ) given above is not in current use todmy In the
ngxt sectx;‘on we will intrbduw a different notatlon, adopted frovn the nomt on uged
by moderq&‘;’bviet writers, as a standard form for this. integral,)

: “ | |
I'n'i’ the work of Pryce and Fra \hufei‘ lwo rebi’csc\nhtioﬁs for ¢ were. emplovcxo
- For d < \/—_ \/— (the so- C,l 101 "Jnt(,rf(.renLL re;ﬁmn"),” it- was shown thqit the -

- t s PP H

o

‘ Four1er mt(,g,ral

Gy YalT PRV AT

0. |

exp (i) T

W /’,‘1‘
' ..

v - ‘

has a point of stutim)‘,ary phase T delined by -

d = TEEN, o+ Vo FH, -2V
S I 0 2 0
It was showh that T could he interpreted physically-to be related to the square of -
the cosine of the angle of incidence of the ray reflected from the surface (Fig. 7

where « is the angle of incidence). Thus

,,:ro' (1({1/2)3/3 coszoe

LOCKHEED AIRCRAFT CORPORATION .- A MISSILES and SPACE Di.\/[SION




‘and D ig the divcrgence fzwto}f that takes into accounf the tact that a pencil of
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1t waé then s‘nowﬁ that
‘ . - PR | . . .
by hy) 277 expl - iBn/4) ] g exn(-ig) [ 1 +FDexp(_-a<¢2~¢1)]] (3.7

where ¢1 is the phase of the "direct wave"

;v
ff

by = ~dY1Z 4 (o + h)/2 + (b, - hy)P/ad (3.8)

———

¢, is the phasc of t‘h‘cf "1'eflelcted wave" ‘ _ _ ‘
G, =9t 4y RS “\/F:/‘th ¥y o) T 1 (3.9)
LolA ] . . ) N
s T

<

parallel rays incident upon the convex surface diverges after reflection

v

'2(/{ - ><\/ b, + L ) B o
D = e — : C3.10)
| /—w—” 7) (11” VG :
K )" IOJ ° ;:
. i
lhe r(,ﬂec,tlon jcodhuenL was shown to be I o ) j
. . T .
B i . : " . .
- . ‘ L-
o klr,os v -k ch, 0 cos@ =% ., . Fo
: R, < Ty + L ‘4» . ‘ L
v kz cos « k k —k cos o.’ G : . z :
u‘””,. 1 o Q " ’ ]
) for verucal polanmtwn ’”
: | i
4l K
i . h
- _cosa-Y Y - \/k —k
Iy = cos @ + Y Kk, ’ B
1 , o
for horizontal polarization ‘
;;:
: \.Vhere the sguare roolg m(b caled are to have negative imaginary parts when the -
-
7 timé dependence is exp(iwt) us used by Pryce and Freehafer: i’
|




———
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For d>Vh, + /W, (the so-called “diffraction region”), il was shown that the contour
could be closed hy a cirele at infinity in the upper half-piane and then ¢ could be

represenied in the form of a series of residues associated with the zeros

r {m=1, 2, .. .) ofthe Airy function combination
£ : .
'y -} = .
Yo dr ) -h pyylr ) = 0 (3.11)

It was then' t;hOWn thaL for {r equenuos of 100 Mc/sce or above, the roots required

could be ‘11.\;)1‘9x1111‘1ted hy
T AL

The resulting residue sceries representation

3 ! o ! S {312
§(d, .11, ) fJ z XD ( (l U.1ﬂ<h]) ‘Um(hz) | : {3.12)
) ' m - ‘ ‘ :
i
U, (hy - ———— : ' (313 -
me (1) S
g yz m’

was primarily used for p‘oints deep ingide the shaddéw where only the first mode need
he considered. This caleulation could be made quite casily since the first 1‘”00t ™

wasg known;’

7, = 23081 exp [ i(20/3) ]

and the height-gain function U](h) could be readily computed. The behavior of

20 1ogmlU1(X)| is illustrated in Table | .
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Table 1

o DO O
- 0o

D DO
o]

20 logml_b’1|

-10.9
-13.9
~10.3
- 1.73
- 5.68
- 3.96
- 1.16

The technirm( ] uv(\rl in this r(gion at Rd(“dtl(m Iaboratory is descriled by Frechafer

in Section. 2,

In the mtermcdl ate region, [ (l \/T’“ /i o | «1

'requ]t nor-the first residue Lu*ﬁ*l result would ym](l a1 means of calculating the field.

= >

o D

for)

bon s

—_

M)ngIOIIJII X
1.120 5.
3.075 10.
4,82 20.
6. 39 30,
7.84 50.
9.19 60.

12,2 80.
14. 9 100.

20 logm |U]|

23,77
0 39, 69
0 62. 06
79. 24
106. 5
118. 1
138.7
{56. 9

[kl e B 3l an

, ncither the stationary phase *

The intggral of Pryce and Freehafer pr;)virles a mathemalieal model for exiending ..

the.result-obtaingd from -uoonmtri{;t:n.] ();)Lf‘i.cs' ‘in the Jast section.

$.
hi

i
i
i

vy
I

(‘\pl —lr l<(.) e I) \ - n//l _!‘ l

to prpzing .m;:lcs of 1ncn|onc,u

':_‘ '7T s e . . - - - .y s I),. .
R~ I)& + DZ - 2D D cos o 7y //(]) + D, )Z - 4D D cos v
’ 1 e 12 VAR R 12 .

~

M, 1D, -

LOCKHEED AIRCRAFT CORFORATION

1

._~il‘/ Id»{r‘(p[ l]{—n/l;l

o
i

c

/wmt‘\/émﬁb

1

L
-

al (,os o
: ,L(I) ! JZ)(()L, o

We j().l).s;ijl'V(a that for o— /2.,

2D b
D D

2

&
COs

¥

3-0

(3.14)
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We can then express the oplics result in the form

; , { T 1(D]+‘1325 cosa
~ . 2 e T iR = o g
U= 1 7kR exp iR - v [1 tr 2D D, +ad, + D,)cos &

2b.D

exp(— ik - 17%— cos”‘a') ) {3 id)
R

If we define (sce Fig. 7)

A/ kT (S ', 4/3 kT _ 2 . 1./3 \1/3
n=(2) S g () ) () Meosa 0 (2)
| | (3. 16)

we .can show that

i N | Y - i . Lo “ }' - . - 1
- D dj-‘/ 1 |:H“ 4) -l)/ . ! ’!- o ,’ I3 ( /h ‘ \/T ( h ‘.\A/TO> — 3
St u(D 1D, )( 08 o Tl ( T*T" e N i
e [ ( h T \/ h T, \/ "o \/ T

_ac-ip p tiq

r gt oip p g
Al - - (o o e —
: : 14 -/ + oy
exp { -il ZD]DZ -(,()5,2()/ exn ill(\/hl To T(D(\/h2 ‘o \/TU = Ty
BT I T S\ PP
D vD, ) (‘./hi Yy JTO> (\/hz Ty JTO)
3-9
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- These results show that we can write

oy

. 5 ‘ ' oxp [i( ¢1 + 37r,/4)] )
U - J;;—I; exp [ -i(kR - 1/4)] = do (@ b (317 ]
wheito
- : 1/3 1/3
T N ) e

An alternative form is

' /3 expti(¢ . 3r/4) | | !
2 1 \
) [- T (d,hl,hzr}

(3.18)

! i N P y
; ‘ U w—'é; exXp —j(kR-'rr/4)](1"a

This result is useful for grazing incidence, i.e., fot points just above the horizon..

- For' pointg high abave the horizon, we define

7 i .Y (T) - . i
VE s @by n) = [emtrd T Elos ryr by vy ahar - @.19)

-00 .

' and write

i[2

U =~ 4, 1TkR

W’V—
direct wave

_‘é;z exp [—ik (Dl + D2) +in/4) leXD Ei(¢2+ 3r/4)] d

N 2 i~ [R 'R,

- eXp ['—i(‘lgR « 1/4) -}

@rm,hl,hz)]

—

teflected wave

3-8
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We note that high above the horizon (i.e. ,,/h1 + h; >»d),

ex [ i <¢ + ﬁ)]
p 2 4 / d a»r(d,hl,hz) b I‘/ 4 COS @
— T e
2/ \/Rl+ R2 \/R1+ R2 J 2D1D2+ a(Dl+D2)cosoz

so that U takes on precisely the form obtained from geometrical optics. This
form is a generalization of the Prycc Frechafer theory which is valid well above
the horizon as well as near the horizon. The direct and the reflected waves are

distinct. Near the horizon we use the Pryce-Freehafer form

) { T . l‘exp[iwl‘% 3m/4) .
U ~—Z}/ﬁ;ﬁ~exp [ iR - 7/4) ] : s dg(d, h,, h,)
~ \/TI' H

(3.21)

which involves the total field.

For points below the horizon, the concept of reflected waves (and, hence, the concept
of an angle of incidence ¢ ) cannot be directly employed. How ..er, if we introduce
the concept of virtual angles of incidence and reflectign as illvstrated in Fig. 9, then

the.results can he extented into the shadow region just below the horizon. In this

. B . . ) /% e '
i case we observe that o exceeds 90° and hence p :(l<a/2)1/3 Cos o~ (1(:1/2)1' o'(oz ~1/2) -

Fig. 9 Definition of Virtual Angles of Incidence and Reflection
329
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For points well below the horizon, another forn is required. In this case the phase
of the wave is of the order of (T] + 8+ T}, where these quantities are defined in

Fig. 4. We replace

T, ) (VTR - )

by
d = ¢! \/h! -L,/h2
where »
1/3 .
& o= (kas2)y "7 2o ~q /2) = (l<:1/2)1/d(8,/a)
We then define ‘
_ 2 1 3/2 .‘,‘i)'}g"l'?
, P37 3 M P ahy
and express U in the form
: ' ‘ : Y J/d LXP[I(d’ an/4.-1 ) ]
S T “ifker v s = 20 T )
Un -5 (,x]){ ‘[-'“1‘ LT 7r/4] (m - Vd @ (d, b, hz)I
2vm
| ~ ‘ - T S )
S AT exp —i[l((’[‘ 1StET, ) —n/ﬂ <],l> exp(ig )L pr(l'r (l)IJm(}11)LIm(}1z)
. ' o me 1 :

N ey U 2 .U iy
d s> h] | \/h2 4\/‘? (kﬂ ) L l(h l) UZ(hZ) (J.'f‘(p

1[—1\(’11rbk'1‘2)+2

-+ (/)3 + Tl d] ] .

This residue serics representation can be used on and below the horizon. On the
horizon this represenfation agrees with the representation previously given {or points
oit and above the horizon. [For points far below the horizon, the first term of the

residue series provides a suituble representation for ¢ .

3-10
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The original work of Prycc and Freehaler only dealt with applications of the
diffraction formulbi & {d, h], h,) for the geometry which we have depicted in

Fig. 2 and referred to as the radio problem”. The present theory which has
just heen owtlined inciudes the "radio problem' and the "optics probiem™ (Fig. 3)

as special cases. The difference between the general results outlined heore and the

regults for the "radio problem" can be better appreciated if we consider our example

in more detail.

The Fourier integral

i [ a,
2, ¢; (., ka, 7) 8 chp( ivg) I (l) H'u \kr<)

A [ v

(1) {1)
(ka)-iZH"" (ka) . ;
et 100 1P e |y

II(Z)\mL) -iZ ( )(kﬂ) v
g i (3.22)
is the exact solution of the scular wave equation
o 9 i . : 6(1‘—1‘ 6((!; : ,
Al S L U T A B — (3.23)
. .o N ' : t t .
which hchaves like
. , . " . ,——h»—————l—-._.:.n
SR Ci(KR r/l) ] LR (x-r )y
| Y 1
near the source, and which satisfics Lhc'b(mn(lzu‘y condition
()” ik A 0
ar.
on the surface r =a . We observe that U is an aperiodic function of ¢ defined
on - =< ¢ <~ . If wenow assume the geometry of the "radio problem' and

introduce the definitions and asymptotic cstimates

3-11
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v = ka-(1 v
- ()

we find that

. i
i

v

' , YA
2 o
,U(‘rz, (,b;r]‘. ();l(g, 7y ~ - e (l:) exp (—ll(il(ll)f

Y @+ ay, ()

v, (1) +qy,(7)

1/5
e ('_‘4\‘/"’
87 ka /

1L MSD-288087
115}2)(1&1) = (}%)1/32 ()
Hf})(ka) - (;(g)l/gyl(ﬂ
Hj) i(ka) Flw: (‘,‘(2;{“)2/3 ¥, (1)
100y~ (& )1/3 Yy (rr8)
B () f%(ki)]/gy] (11 0)

w0

— 00

exp (-iknd) \/E’k'@ (£, Cl,‘iiz) _

This resull is valid only for very small heightls

h, = r, —a<a, -
i 1

This result is essentially the result of van der Pol and Bremmer, Pryce and Freehafer,

h, -

<

1B

(

exp (i é;"r)’y2(‘r+k K>) y] (r+ Z.‘;)

(3. 25)

r,-a<<a
2

Burrows and Gray, and others who have studicd the "radio problem.'"

d-12
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The "optics problem" starts from the Fourier integral

T : N “’(ka)— PRI
Ulr, p:ka, Zy - < jexp|-iv(p -n/2) J{H T{kr) - 5 - H ™ (kr)
' 2. v I('Z) (ka) -i7% ¥ L)(ka) v :
(3. 26)
For r - a, it reduces to -
o
[I(G! q‘)'k'(l 7) o= ,_13.]_, ;(QSG:_XJ")’L}U(Z))——'(E)’—‘“ dU
“=on H (ka) - iZ H ™/ (ka)
v v
~ exp [ -ika(d - 1/2) ] --Lff ,,?'x)pft’_”) o A (3. 27)
\/;T— 2w Tl 1Ya
where
1/3 '
lea T
< (%) 60
For r - o ; 1t is customary to use the naymptotic estimate
1% e / ) oxplitkr ~ n/4) b iv a/2] (3. 28)
I+ 71’(\(" . ) -
‘We then find that
. e ] . 3 -
U(i‘,'rp“:kn, /,)3-4—:: exp(ika cog ¢) z\/ k vxp ~1(I<r—v.n/4)J‘/ exp| -iv(g ) ]
H(I) (kl) i7 ll(} )(k.l

— A / dy ‘ ‘ ‘ (3.29) -
n(d)(k]) '/n( (ker) - ;

\ ! i 2 ‘7 .
n exp (T cos @) é e cxp[—nkr - w/4) ] pr[ -ika{® - m ]
/.’»m yllfr) i qy] (1) 1
(2) /‘w"("”)y @y, T
3-13
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where
1/3

ka \™
o= () -

The distinction between the asymptotic estimate obtained for the "radio problem' and
the "optics problem" stems from the use of two different asymptotic estimates for

the Hankel function, namely

o S 1/3

R e AR

H(z)(kr\-—.——o- -—g- ex [—i(kT - /4) + /2 3.30
v 'y - w [rkr p ) n lvw ] (U )

In the present work we employ an approximation of the form

1/3 :
10y » L (2) exp[-ik(r-a @)+ 1/ Va4 1 2725 2 yyr 4 0

JT \ka

(3.31)

where

o = COS_l a/r , T ~/;2—(12 ,- b= (1{11/_2)2/3 (r2'~£t2‘)‘/a?'-“

"This result has the advant;;ilgo of leading, when r— a and 1 — oo , to the forms given -

ahove for these cases. The use of this ‘approximation leads to-

Ulry, giry, O3ka, 2) = b (/) exp -i[k(T, +5+ 1) /e ] @V

81
exp[1 (9 + /D))
i[ - ; \% Jd @, n, h) - (3. 32)
where
d = (ka/2P g ¢ Vi) +/E
Y. I A PR - ~ 2/3,. 2 2,2 o
h = (ka/2) (r] - a)/a , hy = (ka/2) vy -a}/a - (3.33)
. [z 2 Lo T o= 2_ 2
'1] Vr1 a~ , S -~'(1¢ y 1‘2 r,-a
3-14
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and

.3 3/ '
¢y = (2/3) 1y 2, (2/3) &, /2 (3.34)

This more general formula reduces to both the ""radio'' and "optics" problems. It

is expressed in terms of the function already used in the radio problem, however

the argument has o different physical interpretation. We postpone further discussion
of this application until a later volume in this series. The remainder of this volume
will be devoted to developing properties and representations for the diffraction

integral o (d, hl’ h2) .

3-16
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Scction 4
NOTATION FOR THE DIFFRACTION FORMULA*

The Fouricr integral introduced by Pryce in 1941

2 - vy, (1)
. . . . ) 1
®(d, &5y - l/ﬁT_Jo{ cxp (ird) {k Yolb t Dy (g +m)+ T 7,0 ¢ oAb DY (L, 7)] dr
vy (r) - ikh Zy (D
r = - T e U
2( T} - ikh Zyz(T)
provides an analytical continuation to all vu_luus ol d, _é,'], 52, for i';e residue series
' oxp(l T 1) »
R R AL Z ST Untn) Ul

m=1

Yy (Tm) - 1;1(2104 Yz(Tm-) -0

U, ) R “yzhmm 't)/y?, (r

We will now show that this is preciscly the van der Pol-Bremmer diffraction formula -

introduced in 1938 (Ref. 8), namely

exp(i Ty X)
3

5 4. 1)

F (x, X, x) =I5k exp(d 71'/4)2 £k Gx,) o
S 0 s .

In this section, and in all subsequent sections, we employ exp(-iwt) time dependence.
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{, w7 ! /
- (i} H . 32 . 1 1 3/2 ‘
RVARE S H)/; l (=27} l+ exp(l o/3) | g/)S g (= 27)) ’ } =0 (4.2)

x° - 27 ! l—l’(x:,“ - 27 )3/21
f(x,) = = 1/3°3 7] 5 {4.3)
3 -2 H(l) 1, o \3/2§ -
16} 1/13 1 .j u'S} ,
exp(-1 1/3) H“}gll o’ - 23
RN (1) 3/2
1/3 1/3 .
X (k) / o - {(ka) / (d/n) (4.4)
kz/' :
& G B e 4.5)
l<1 /‘\/k 22 - a3z
M - o :
| A, (ka) HA \/12 h‘j/n‘ " ' | ‘ (4.6)

In order to-compare the 1cs1(luu series of Pryce and F ree[mfer with that of
viin dér Pol and Bremmor, we fn‘st L lk(‘ the complex. Comu;, tte of the P-F [nrmul\

(singe P-F use expliot), whereas P-B use pxpl-~iwt) time dependenee),

U T O ot C A R
by s BLN M ) U
(T)(L Y 2)' ﬂl 1—-7’n1/(l(}]()7“';2- m (‘]) m(“Z)
1 -

! y =
Yl(T ) 4k hol,yl(rm) < 0
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We now use the properties

v, (1) —\/5 exp (-1 1/3) T 1/° H% (2 ,3/2) 4. 7)

' _ /T \1) /2 ,.3/2 : '
¥ (7) - \/3 exp (i ©/3) 712/3\3 1 ) (4.8)
in order to writce

_— N . s/
Jm Hz(/lg) (% 3/2 ) - Gkh Z) exp 1/3) Hgl/)3 <§ 3/ ) -0

Um(g) = icxp{(-i2+/8) m = H(l) ’—
.

11

1 5" H'(ll/?a [% (5 * 'Fm>3/2}
"~ kb 7 f’fl gD [_g i \3/2]

y
( X :U/Ja) gj, j=1,2
T g -/ Vo 1 |
5 = ika) /3@yt - 12_'/3(kh0)-]'/3(7,;_]
F(x) = (ka/2) % 7 Oy
£ _
i = ———  exp(in/4 ¢t
F(x, X, X,) %/7 pin/4) & { o £ | (4.9)
N S ~.
van der Pol-Bremmer Pryce-Freenaier
4-3
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The notation y. (7), Y. (fr) cmployed by Frechafer for the Airy functions differs

slightly from Ll1.1L of Ply(,L who defined

00 [ .
) 1 1.3 . .3 .
{7y = - } nxp.(T- 3 X - X-‘r) - i exp( 3 x" - 1x1> ] dx (4. 10)
0
U Y A R B S
g(T) - " o'/ cos (.3 X X7 dx (4.11)

We eusily observe that
Vo () = Yz('f)

-i2vr g~ (1) + ¥, (1)

PR | 1, ;
hd ag

I'ryce Freehaler

The Fourier integral

N S A (1) =178 (1) ,
2:) 2 (')‘IJ(MT)[E(T l ‘r< £'(r) -1y {n) Hr <)Jf(T £.0dr

e S " (4. 12)

P(E, £, 00

which appears in Pryce’s work ig idéntical with Frechafer's

ey a0

oy

-

| e s YI(T) ~ikb 7y (1)
P& £ L, _f exp (i&) [ Y (T g ) T - *—*y (rv & )] yo 7 r e Mdr
A AL Lot ()'-11\1‘1 7y,(7) 2
except for a normalization factor
~Ari P Ly, 8 5 YE GG £y, L) (4.13)
4-4
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The notations of Pryce and Frechafer have not been accepted by later writers.

For axample, in the July 1959 issue of the Transactions of the Professional Group

on Antermas nnd Propug:ftinn of the I.R. k., Tukizi (Ref. 11) has employed an integral

. [vel
T(r, 2., %,) =j axpli k T8 ) w(z, 5) dE
where
d A ]
) . ——=+7}h [s exp (-1 2 1/3)
wz, &) = - ’\%T exp(i 2 7/3) h](s>) hl[s< exp(-i Zﬁ/Sﬂ - (ds d> 1~ o - 1(s<)
i . (a‘§+ ’T) hl (SO) ]
/3 '
_ (2 3/2 1 (2.38/2)
hys) = (3 %) M s <3S /
' -1
¢ = vyz-pfs 8 = B T lyz-~1¥)
: 1/3
W o= -1 (4/r) (3/2) y/B
22 2 i/
T =1 By (ko/kl) (k1 - ko) |
Let us now translate Tukizi's integral into Freehafer's integral by using Freehafer's
Eq. (335).(Ref. 8) ’ ‘ c
h,(f) = Qz lﬁ exp(in/3) y (r)
) 1 « ‘/-’IT . ' 1 B
and Eq. (311)
Y4 Lz exp (-1 2n/3)) = exp(i 27/3) v4(£)
4-5
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Therefore

- - “.,)1/6 (/0 :
hl s exp(-i 2'7T/-5)J T TEET YS(Z) B T_‘n— y1(§) + yz(C) .
and T-ul(iZi'S u(z, ¢) takes the form
. d
an Ty L(s )
/3 [ ' (ds ) 20
L - 2 (2 0

oy s)) 13’ (s )~ ;
T 17> 2V« a4,
(c‘vso ’ T)yl(so)

If we now replice Tukizi's integration variable £ by 7, where

and replace Tukizi's impedance 1 Ly

ikh 2 = 71
0 ,

we can wr_;ite

. . - )
| ( “yy(n ikh 7%y, (1) .
u(z, --f1) = ih ;yl('r+ h)) yz(T th )~ == = yl(T +h <)v
o g “ Sy () rikh Zy (1)

1 0 !

where
: LT B, | ,hyl 2y /My , by e 7y /h
We also define
d k()ho'y r - (I{;O Rr)
4-6
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o3
~1

We can then show that

T(r, Zgs zz) :ﬁJQX|)(--idT) w(z, -ATdr

-0

o]

= 1hOB f exp(-idr) yl(r+ h>) y2('r+ h<)
= B

B} Zé”’ * i kh Z,(n)
yl' (r)+1 l#.ho Zyl(-r)

yl(T + h<} } dr

If we now examine the complex conjugate of Freehafer's function &(d, hl’ hz),

o0 : .
f exp (-id7) yl(T *h) {yz(f‘f h<)

]

= 1
3@, hy hy) = P

) Yy(n) +ikh Zy,(7)
y’l(T) + ikh Z y (7

yl(T +h ) ] dr
1 o

" we see immediately that

T(r, 2 5y) = ihpﬂ\f?f @ (d, hy, hy) =-4rk AP h,hy) . (4-. 14)

A = ‘/' = / ' 1
r (1»,»(((() )] df (houﬂ)
7 =By by | = b, by
Zy 7 hohz . :hohz

Ve Nl R Y

Tukizi Freebafer . Pryce

4-7
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The integral representations for the van der Pol-Bremmer diffraction formula used

by Freechafer and Pryce were apparently known to Tukizi beeause he cites these authors
as references. However, since no standard form for this integral has heen adopted,
the casual reader may not be awnre of the fact that the integral used hy Tukizi has

*
already been used by other authors.

It {sa curious fact that this classical diffraction formula is known by so many seemingly
different expressions. In contrast to the variety of forms used by Western authors,

all Soviet authors employ a uniform notation, In 1946, Foek (Ref. 12) had introduced

an integral of the form

o -

P W) = qw, () -
V‘({;, £, ) woope qup(_ii;‘t) w,)(l,--t)'w'-ﬁ“—* wl(t -L)ybdt (4157

2 W (L)T'cfw“](—t)
where
o~ o w
w t)y - ! /ev)(— 13 B xl)(lx A L [(*Y)(i 1 x3 x t) Ix - (4.16
1,2 yr J Oy e XDy fxt)dx - (4.16)
A [¢] ) . -

Later, in 1945, Fock defined a4 more general integral

‘ - o Qe 0 ' ' Ly -gqw v (1)

o oxp /1) 4 f e R A

V(é,’ ?'l , ?‘,2,([) 9 \/ s f')\l’(l". Lw ](L tH >) Wz(t f<l W*l 0 -q W](t)
w](t - 1) it ,, : (4.17) -

*The deductions made Ly Tukizi in Part I of his paper are not correct since he assumes
in his Eq. (21) that he can use the "saddle pointinethod' on a string of saddle points

which are close together. The "saddle point method" requires well separated saddle
points.  Tor example, il lwo saddle points are close together one must use Airy integrals,
or if three saddle pointy arce closc together one must use parabolie eylinder functions.

" This vita) restriction to well separated saddle points invalidates o]l of Tukizi's resulis.
In particular, the agreement found with experiment in Part II of his paper is merely a
coincidence. Tukiz1's criticism of the classical diffraction theory is unfounded. The
work of Carroll and Ring, which is ciiced by Tukizi in order to support his conclusions
has no relation to the classical theory for a homogeneous atmosphere.
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3ince

wy(t)y =-y, (1)

w, )y = Yy (-t)

[ ——] [

Fock Freehafer
we can show that

s
V(E, by Ly A== exp(In/9 & (& £, &) (4.18)
Fock Freehafer

The Soviet form is related to the form used by van der Pol and Bremmer according

to the following rules:

2F (x, x., X,

V(E, £y, by ) %) (4. 19)

Yo¢ =x " (4.20)

;:1 - ¥y xf o - (@. 21)

. 3\/—‘2“lq B ,6—_1 (4. 23)

W

The close res emblance between the notations of Freehafer and Pryce is a reéﬁlﬁ

of the close ¢ OOperatlon hetween British and American research groups during
World War II. Heowever, it is at first glance,quite surprlsing that the oovxet
research group in the same time period introduced an almost identical form for the

related integrals.

4-9
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sy L[ oxnixt X_\Q‘_q_i)__
1(\ y q f’ [L\l)(lx )l ) w (t) __q“ (t) ] Y) d

wh(E) - w, ()
Wit -gw,®

vl £y q) = 2R "/‘Mh[ exp(i&) ,! Wyt L) -

e wl(t— €<)‘ Wl(t— §>) dt

which werc inlroduced by Fock in 1946 and 1949, respcetively.

The resemblance of the nolations is due to the fact that these authors had {o employ

solutions of Airy's aifferential cquation

.E‘:Y%:‘E) + (ny(X) = 0

(x
Pryce and Frechafer cheose o~ 1, but Miller (Ref. 16) and Fogk choose « = -1,
The choice of |a| = 1 -automatically fixed a get of natural units of distance which
accounts for the fact chat ‘ :
X ¢ ‘
w7 /4 - %
Jreehafer Foek

it is wdrz’th observing at this boint that Fock employs an ;'exp(—iwt) time depéndeﬁce
which is & common practice among physmlsts However, Pr yce and Fr Cehafér uge
an exp(lwt) time depenuenr‘e which is a common pmctmc among electrical engineers.
In this report we will employ the exp(-iwt) time dependcnce We take this oppor-

tunity to point out that the complex conjugate of V is to be denoted by

w' (L) - qw (t) } :
Ty - oxp (L 7r/4)~&/ . 1 v (t -
V(‘El &1)&21 q) 2J' “ e‘([)( 1‘Ct)]w (t t ) (L) qW (t\ w (t ) \Vz(t‘ f>) (“’
(. 2:4)
4-10
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where, for real values of

wo) = w b v

The reader is cautioned that Focek's delinitions of wl(t) and w (t) have nol heen

universally accepled. Thus, for example, in Wait's Elcetromagnetic Radiation from

Cylindrical Structures (itef. 13) we find functions w (i), WZ(L) with the properties

|
\Vl(t) - \vz(t)

WZ_ ) w](L)

Wait Fock

The notations introduced hy Frechafer and Pryce have not been used by later authors,
whereas the notations of Fock have heen employed by all recent Soviel authors

Ref, 14) and also by some authors (Ref. 15) outside the Soviet Union. We will

adopt Fock's notation for the diffraction formuta for the purpose of theoretical -
manipulations, but when numerien] regults are desired we will change to Miller's

(Ref. 16) notation beeause of the estensive tables, contained in The Airy Integral. -

‘A usaful feafure of Miller's table is that values are gives for certain amplitude;

. L " 1
functions Py, G} and phase functions x (t), ¢(t) in terms -of which we can write

wot) \G%'{Izi(t)-»r.i/\i(t) ] v Py exp[ix (@) ] _ (4.25)
w'l(p‘) C = 'J‘-;r"ui’(t.) + i Ai'(L) l Vo G(i) exp{ id {4 ) (4.26)
v(t) = Vo () sin X(E) ‘ . .27
v'it) = V7 G(t) siny(t) (4.28)
A gampie of Miller's values of F(:E)_, vix), G(x), $(x) is given in Table 2 . As an
application of these tables, we obscrve that
S wL(t)
i - - - . [ — 7 = Wt~ O (f . 1 - 3
exp(igt) w (t-£ ) iw,(t-£ ) Wi wylt=g )1 = wFE-£) F(t-£,) jexpd ¢,)~ exp(i ¢,)

’

{4.29)

4-11
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where
¢, =EE+ x(t-g) - x(t-5) (4.30)
by = g+ x(t-£ ) + x(t—§<) - 29(t) (4.31)
This form is extremely useful for computational purposes.. We also ongerve that
Miller shows that
dx@®) oo 1 d9@t) mt?-m (4.32)
dt T FA() dt TGt)
Therefore, we can write
y - ‘
fif_l»i_)_ =,§-,ﬂ.«_21—-—+;~2,-~]v, : . O (4.83)
dt Ol fe-5y wFTE- ) o
'4]1 ¢ > . ) ~ o i
dgoit) L1 1 2t gy
sy — - — - (4.34) -
dt P - g>) TF (- ?.7<) L GT() C

This form is very usef}il ‘nfconmection with the problem of finding the points of

stationary phase. The behavior of ¥'(t) -and 'Slr'('t) for real values.of 1 is illustrated

in Figy 10.

1

u
S ——— ‘ :
b axw T TTme 4 |
FRw et B D N S
+ ~.~“=“-':':'-'
e A B e = S I S BT S
-1.0 ~0.5 o5 10 t
t_ dw(t) )
mei)  dt T 10

Fig. 10 Behavior of

LOCKHEED AIRCRAFT CORPORATION
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For large negative values of x , these amplitude and phase functions can be

computed from the asymptolic expansions given by Miller

1 1-:3-5 1 1-3-5-%.8-11 1 1. 3:5+7,9.11.13-15-17 1
2 1T I 6 3 gt
1196 X 2! 96 X : 3! 96 X

(4.35)

lG("x)) ~ 2.6 3 - 0

2 1 t/2f 05 T 103:5:7-9 13 | 1:8:5:7:9:11-13:15 19 _ }
i 106 x° 21 06 x 3! 96

(4. 36)

i 17 3 ? 5 1 1106 1 BYRY
x)—'&-ITN'}E / < —_— — 1 — =~ =

?
. oS 9"
32 x 6144 xG 65536 x Hh8720258 x

3 61aa &8 a 27680 x* 8388608 x'Z

' (4.38)
For 11rge posmvc vilues: of X 1t {s more convcnlent to compute Al(}.) Bi(x) and

Ax (x) Bi' (\) from tnc dsympLouc x| mnsxons

52T s

‘A"i'(x') ~5 e :
S : “11 216 & 21{216) & 3'. (’216) : £

1

(4. 39)

- - ‘ ° 5 BeTe9ell 1 TaQul1e13¢ 15 .
Bi(x) ~ /a7 o (1 T g_“ = 12 T R e SRR B
T - 24 (216) ¢ 31(216) ¢
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A1 (x) ~ "5 —1/2 1/4 —£<1+ 3:7 1 5:7:913 1 1 7:9-11-13-1i5- 19

1 L
1]
216 £ o1i516)2 52 216 . g1
(. 41)
, -1/2 1/4 3
Bi'GE) ~ /x/e§<1 17% 79123_12__7911131519__1_3___'”
- 21 (216)% ¢ 31 (216) ¢
(4. 42)
where
2.3/
5 - .3x

For small values of x one can use the Taylor scries

0o o a1/2 ‘
Alfx) "',ayl'ﬁyz Bi(x) = 3 / (@y, + fY.5)
=1+ L 3 L4 14'7 . .2/ 4 25 7 258 10
Yy T 1+3'x +» 6'.Ax + o Sl ) yzij’ T THE S T S PP

g =373/ 578y 0. 25881 D037 02807

1

o =37%3/(-1/3) 1 = 0.35502 80538 87817
| ; . o - :(4”43}
.1 The tablm given by Miller in The The Airy Integral ‘ua#; -
© Alx) and A{'(x). % = - 20.00(0.01) + 2.00. 8D
« Log,, Ailx) and At' () /A1(x). X =0.0(0. 1)25. 0(1)75. 7-8D -
. Zeros and Turning-Values of Ai(x) and Ai'(x). The first 50 of gach. 8D
< Bi{x) and Reduced Défivatives. Xx=-10.0(0,1) + 2.5, 7-8D '
Zerog and Turning-Values of Bi(x) and Bi' (). The first 20 of each. 8D
Log, , Bi(x) and Bi'(x)/Bi(x). x =0.0(0.1)10.0. 7-8D
Aux”i“ s Functions. F(x), x(%), G(x),~y(x). x = -80(1)-20.0(0. D+ 2,5. 3D

The notation pD is used to call attention to the fact that the tabies are given to

p decimals.
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The availability of this cxcellent table makes it desirable to use a standard form for

the diffraction formula which enables one to readily cmploy this data. Inthe 1941

worls of Pryce, the notations

f(1) = Bi(-7) - 1 Ai(-7) = 2 exp(-i n/6) Aifexpi /3)7 ]

g() = A=)

(4.44)

(4. 45)

were employed. Frechafer defined his Airy integrals to be

v = Vx| Bien - 1AL

y2(7‘) =V \Bi(~¢) -1 Ai(-71) \

’:?{T)

whereas Fock defined

y vty

21V Ai{-7)

I {Bi(t) + i ALt

V7 l.m(t) -1 Ai{t',-}

~ Al

(4.46)
(4.47)

(4.48)

' (4.51)

We 'will adept the Soviet notation ag the standard form for these Airy integrals when

using the Fourier integral representation for the diffraction formula

V('j?q E]y tzs q) gﬁ

_expl-i m/4)VE
yr

LOCKHEED AIRCRAFT CORPORATION

_exp(in/4) Ve

[ exvtien we-t)

3]

o0

— o0

{t)

r w:z(t)—(;\;
Wz(t =L -
2 W - aw

2

j expift) WIU'_C‘.)

Wi )-=avl ooy ba
whit) - aw (t) <

e b ar
Wt 5<’Jd;t .
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The property 2ivi{t) - w](t) w {t} has been used to obtain the sccond form.

2

The residue sevies represcntations

V(g £y,

where

have been used by Fock. We can also express these series in the form

S aanlithy Wil -E) wo(t -£)
Ly @ = 2VFE exp(ina) > SXPMle) _1e TI CLw (4.53)
g=1 s 4 wy () W!,( s : :
« exp(iit ) w,t -&.) w.(t &)
= - 2V7E exp( W4)Y > s. 1s 71 1 £ 2
=1 l~_q—2_ wl(t ) wl(ts)
) - | Lx{‘(igts)
= 2 NIWE ”’{D(i 7T/4) 2 1 Wl(i's = gl) ‘vl(tS gz)
s=1 oW (bg) =Wy (ts)
W1 (ts,) -q wl(t&) = 0 (4.54)

V(g Ly,

- & epl (VI (/208 ] All-a_ +exp(-1n/3) ¢
£y, q) = 2V7E exp(-i w/iz) [ s 4 E s 1]

R E a - exp(-1 7/3) q2 Al(- as)

- Aif-a_ + exp(-1 7/3) £, ]
Ai( - a_)

expl—_(—w/ﬁ'»f i)(as/z)g —ll : Ai[—as + exp(-i 7T/3)§1]_

(2]

- A

= Wt exp(-1 w/l?,)& -
s=1

s .

1.~ exp(l 7/3) -5 Af(-a)

q ! ]

ALl - ag + exp(-in/3) &, ]
Af -a) (4. 55)
S
4-27
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where tS = a_ oxp(l 7/3) and

Ai’(-ns) + oxpli 7/3) q Al (- zls}\ = 0 _ ;

We will adopt this as a standard form for the residue series. . . : ‘ i

We define the roots o, BS by means of

Ai(-a ) =0 AL (-4) = 0

and observe that, for =0 and g= =, we obtuin

©, oxp [(-V3+ DB /28] Al-p +exp(-1n/3) ¢, ]

V(& £ by 0) = 2V exp(i /12
(¢ El L2 ) £ oexp(-i n/ }S;, i Ai(—ﬁs)
Ai[~/i“ + exp(-i 1/3) C:z] : ‘
Ai(-8)
D < o A [—oz +exp(-1 n/3)¢ ]
ViE, £y, bg,) 7 2R exp (-1 n/lZ’,)SZ;]Oxp[( RERRVCINEL: ] - ‘ ir( o) Sa-

Ail-a + exp(-i 1/3) Ez]

Al'(- @)

1
The roots oo /{q and the turning values Al (- (L/S), Ai( —ﬁs) can be obtained from

Miller's The Airy Integral where they are denoted by

;! = Ai'(- 2 = - iy = Ai(-
a @, Ai (ns) Al( aS), a Bs’ A1(a<s) Ai(-p )
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Since these roots {for q =0 or g = ) arc all negative, it is advantageous to
follow Pryce and introduce o ﬂs. In 1946 Miller published eight decimal
_values for the first fifty roots. More recently, Haines and (G. F.) Milter (Ref. 17)
of the National Physical Laboratory (Teddington, Engiand) have extended these

results to obtain 15 decimal results for the first 56 roots.

These important tables are reproduced in Tables 8 and 4. This work by Haines,
Miller, and their collaborators at National Physgical Laboratory constitutes a
major contribution to the solution of the problem of obtaining accurate values for
the residue series when many terms have to be employed. [Note: Haines and
G, F.) Miller have also extended (J.C.P.)Miller's 8-decimal table of roots and

turning values of Bi(x), Bi' (x).]
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Table 3

ANY rgt
AN 'l

TRNING VALUES OF Ai(- @)

w

= =
WSO o =TS U RN

16
15 16,
16 V7
17 18,

41 36.

48 36,
49 37.
G 34,

52 30.

BE 40,
55 40,
41,

13t
& o

5. 52055 08450 13a0)
SORTR 3n

L 029605 0 030 o

BRID IR W]

yo L3268 Hiony 1570

L H6130 01056 97047

CB3KIY 0RO

L OGIDG R T
LGB0 G Ta GG
2, RGO 9672 e )

CBEOY S 0hg giens

. RUG0Y

51 38, 54

53 K

a

GSTOLE OB 2697

TRETO

SR BRIt

oan0nn

00852 4!
A3601 2

—n

FREREL AN
T8RS

NN

somea
IR

34095 .

HICSTR ER U N R A DA

0118 2ou92 0711,
LRG0 G4 i 16G52
MaLae
DBTRG LN TGeY
AR TR GBI
QOTRG G sl .

GOV Pl
NS R S T

R IR Ay

NENI i

[RARY A i

VAR W

FEA N
PEUPM{AN
B ]

Ty,

TEEOW G L B
T B ) SR o SR
GBLI6 LN vRAAG
SOBC6 SR

2848 LT 0L
R2T27 1010, 0~
36518 ;

Aih
95471 n2al
47674 #64E 74200
Q007 Bed 6l 99,00
SO079 3000 0501

i
|
Sl il
!
i
!

s

MO0 9 L2
JNNESHR N B
QA0 230
(020 TEROT L4VTG
52705 G6Hi1 G 24T i

019349 08723 32490 i

tf_
l\i( CYS)
+0, TO121 03227 20691
-0, 503171 13690 54864
+0, 56520 40258 94152
-0, 81085 07370 49602
P, 04733 57094 41568
S0, 02 28085 69499
1. 00437 01228 60312
. 02973 BGRRE 20786
1. 04872 06485 88189
1L 06T 3RH81 H7428
1., 05530 28313 30700
L. LOLA0 15702 77497
L, LEGHY GLTTY 32650
1. 43073 23104 93188
4L 14103 (6732 73553
L EH660 95091 16566
1. 16853 17844 87525
1. 17adR 07298 701406
L, 19070 6131 R8T76
V.oR0106 07915 19823
Loul008 51048 68287

LA 3TN 07260
OGNl 09681

|
'
FEAM BT A
'

4 29632
RSN 0T

i YLYRE
-, ©ahTuo
1 18604

IR IR Pl
23T 22704
2 agt 40056
20004 57325 11048
L SOGRT 93724 32004
L HIBPT LTI BOG4R
LHEs6L 196808 77314
1500 65H0E 3RA4 )
GO0 AT702
Ry qu2ol
. 2i e 48088
CUAGAS TR0 AT445
35580 11K0T 15907
SUONG 77026 40532
L a65G) HTH19 26784
o120 00540 34230
FL8T646 ATO89 60084
1. 88154 40665 17105
L, 35653 16477 R5955
1. 30143 11072 66471
L8065 57990 06725
1L ugT 88839 49769
1L 063 43445 05322
1

I

|

}

1

L1021 19979 25598
LT FO084 44110
L 1EES IB0RT 05068
A2, 90578 16189
LAPTRY 07545 15952
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Table 4

ROOTS AND TURNING VALUES OF Ai'(-8)

B

s

Al(- )

]
1 1
2 3.
3 4
4 6.
5] 7
[3 8.
7 g
8 10,
9 i1
10 iz,
11 13
12 14,
13 14,
14 15.
15 16,
16 7
17 18,
13 8.
19 19,
20 20
21 20,
22 21
23 22,
24 22
2t 23
26 24
27 24,
28 25,
29 26.
30 26,
31 27.
32 27.
33 28,
34 29,
35 . 29,
3G [ 30.
37 30,
38 31.
39 31,
40 32,
41 33.
42 33.
43 34,
44 34.
45 35,
46 35.
47 ° 36,
48 36.
49 37,
50 37
51 38
52 38.
53 39
54 39,
5H 40.
56 40.

. 01879 29716 47471

24810 75821 79837

. 82009 92111 78736

16330 73556 39487

. 37217 72550 47770

48848 67340 19722

. 533544 90524 33547

52766 03969 57407

. 47505 66334 80245

38478 83718 45747

. 26221 89616 65210

11150 19704 62995
93593 71967 20517
73820 1373G 92538
52050 38254 33794

. 28469 50502 16437

03%.34 46225 04393
76479 84376 65955
48322 16565 67231

. 18863 15094 63373

88192 27555 16738

. 56388 77231 98975

23623 22853 18913

. BOBGS8 87388 74619
. D4852 (2959 28802
. 19155 97005 26354

82610 64259 21155
45274 25617 T7650
07170 79361 73912
68341 03283 22450
28817 91215 23985
BN631 84087 68461
47810 96831 02278
06381 41626 38199
84347 48146 32016
21791 81244 68575
78OTH 56430 12508
35038 53730 83035
90899 20584 30463
46275 27462 38480
01182 87766 34287
55637 56097 80422
09653 90948 09138
63245 70546 35866
16425 99025 53408
(9207 11985 10469
21600 815238 35199
13618 20799 46803
25269 88178 54148

. 76565 91005 38871
. 27315 89047 30879

78128 97640 80369

. 28413 90572 98596

78379 (12724 68233
28032 32499 03719
77381 44056 64866

+0.
-8,
+0.
-0.
+0.
-0.
+0.

53565 66560 15700
41901 54780 32564
38040 64686 28153
35790 79437 12292
34230 12444 11624
33047 62291 47967
22102 22881 947186

. 31318 53909 78682

. 30073 08293 22645

29563 14810 01913

. 29108 16772 03539
. 28698 07069 99202

28325 27361 25021
27983 93053 86411

. 27669 44450 68930

27378 13856 46685

. 27107 02785 76971
. 26853 65782 82178
. 26615 98682 15709
. 26392 29929 60829
. 28181 14056 94794

265981 26701 51466

. 25721 60753 32572
. 25611 23337 79654
. 25439 33426 46825
. 25275 19925 76574
. 25118 20133 88409

24967 78484 21125

. 24823 40513 98365
. 24684 77011 60296
. 24551 33306 87119
-0, 24422 78676 45060
. 24298 80842 90143
. 24179 10550 23721

24063 41202 41844

. 239453 48504 100564

23843 10444 66267

. 23738 06568 33468

23636 18275 H3143

. 23537 28399 36488
. 23441 21104 38024

23347 81753 52842

. 23256 96793 53833

23168 53648 0378%

. 23082 40630 5323"
. 22098 46861 64426
. 22016 62197 66428

22836 77166 46281

. 22758 82910 18347
. 22682 71133 87860
. 22608 34059 36628
. 22535 64383 68475
. 22464 55241 61432
. 22395 00171 79277
. 22326 93086 02652

FT CORPORATION
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In Kig. 11 we depict the behavior of Ai(x) and Bi(x) for real values of x . The
envelope curve is + F(x). Vertical lines are drawn through the zeros of hoth

Ai(x) and Bi(x) in order to illustrate the property that a zero of one of these
functions coincides with an extreme value (maxima or minima) of the other function.
In the inset we give a small table of values of ag and Ai'(- a‘s). From the '

Wronskian relation

Ai(x) Bi{x) - Ai'(x) Bi(x) = (4.56)
we find that
. 1
Bi(-eg) = - A @)

w

ag Ail-ag) =
2:33810 741 4 oTurz21 oNe
408794 944 — -Boidti 147
3-520835 985 + 80520 403
678070 Soy - 01085 OF.|

b arn -

-

Fig. 11 The Airy Integrals Ai{(x) and Bi(x)
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A similar illustration for Ai'(x) and Bi'(x) is given in Fig. 12. 'The inse¢t lists

values of Bs and Ai(——ﬁsj . In this cosc we have
' 1
Bi (~a -
Cogd = TRCE)

\ { i | l
| ! \ ' ‘
Vloy Yy \ 1 \/
z e 'y .
g g 4 f 3 -2
‘ i\ ;
AVARFE
% W
s B ARy
1 roiyy a7 FoE33hs o
2 32481y 788 - 41403 s %
5 \;-H.:(.Cu; qg2i ¢ ‘33'340 Ny
4 06-16330 730 - 35792 704
5 j-37217 720 1014230 124
‘g RaNBaR 673 - 33047 623
Fig. 12 The Airy Integrals Ai'(x) and Bi'{x)
4-23
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Section 5

NOTATION FOR ASYMPTOTIC ESTIMATES FOR THE
BESSEL FUNCTIONS IN THE TRANSITION REGION

For half a contury, progress in diffraction theory has been gseriously hampered
by the fact that research workers have failed to use a consistent and standarized
notation for the asymptotic estimates for the Bessel functions in the so-called
transition region. This confusion is in large measure due to the fact that applied
mathelnaticians and physicists have failed to recognize the importance of adopting

a universally acceptable notation for the solutions of Airv's diiferential equation
—g + axy =0 , « = constant

Although this equation ig congiderably simpler thai Bessel's differential equation

2 -4 !
d Zpkx) , 1 dZukx) | (kz_g_)z (kx) = 0
dx2 : * o X v

Ny

J
]

it is a curious fact that mogt authors chooép to express the golutions of Airy's

equation in the form

2 5 x3/2>‘)

va x3/2)‘+me1/3(3

salng

or

w o

7@ <) au?

s = 7ol

where a and b (or ¢ and d ) are constants.
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For negative values of @ , one frequently finds results of the form

ye = x/? 11/3(%“_‘”""3/2‘)”‘1 1/3( Vo 3/2) ]

or

I

¥(x) xl,/z gIl/S(% Nt X3/2) + hKl/g( e xa/z)}

where e and f (or g and h) are constants, and Iil/g(z), Kl/S(Z) denotes the

modified Pessgel functions.

The form of Airy's eyuation which has been implied in most of the studies in
diffraction theory has been

2
-d—12’ = 2xy (5.1)
dx

and the solutions employed have been of the form

Y(x) :\/_ ]/3 N4 R

. .L/u <

H(” [ (- 2x )f;/[h d H(z) 1‘( zx)q/ZJ l " (5.2)

The form

9 , L .
'*duz- T %‘xy , o (5.3)
dx o -

has often been uged by mathematicians. The forms

d%y
5 = 9xy (5.4
dx
and
d2 2
=L Ioxy =0 (5. 5)
12
dx
have also been usecd.
Hh-2
LOCKHEED ARCRAFT CORPORATION ’ MISSILES ‘and SPACE DIVISION
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These Bessel functions of order * 1/3 are introduced in diffraction theory when

N ) D
the Bessel functions Jn(x) and Hr‘l’ “(x} are approximated by

1 V=27 1, ,.3/21 1,..3/2
S RVE {J1/3 [ 5(-27) N Jq/rs[ 5 (-27) (5. 6)
(1,2), . _expein/6) v37 (1,2 [ 1, , 3/2
Hn (X) = \/—3— 1/3 Hl/q 9 ( e T) (5' 7)
= x 1/3 (n - x)
: 1/
when x >>1 and |x-~v]| = O(x/ 3) This approximation is generally attributed

to Nicholson and/or Watson., It was exiensively used by van der Pol and Bremmer
in the late 1930's and appears frequently in recent studies. It is generally called
the Hankel approximation. It was first used by Lorenz in 1890.

(1,2
Since H 1/5
multi-valued function of v, the use of this appr0x1matxon ‘equires a thorough

(z) is a multi-valued function“of z, and z - 1/3 (-2 7)3/2 is a

knowledge of the theory of complex variables {(oranch cutg,”Riemann surfaces,

‘clrouit relations, etc.). The functions 7 J1/3‘“)’ & }1(11/32)

Q__ntlre functions of z and, therefore, are much easier to use. During the z.rly

(z) are, however,

;1940 s at least three research gruups v ecognized the advantage of replas'mg uie multw
valusbd Bessel and Hankel functions of order 2 1/3 by such an sntlre function. The
first group to do this was an English research team, headed by M. H. 1.. Pryce

(Ref. 10), who as early as 1941 recognized the de sirability of using Jeffrey's (Ref. 18)
form of the Airy integrals

o 3
Alx) = %fcos (%— + xt\) dt (5.8)
0 . ! -
C \
Bi(x) = % } [ (%; ) exp(u -t§—+ x‘L)] dt (5.9)
8]

5-3
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which are solutions of

2 dz

d —(,ﬁ = xy(x) or —-‘ZL(E)— -~ xy(x) = 0 (5. 1)

dx” . dx
Let
_ 2 w3/2
£ =3 x
then e can show that the Airy integrals have the properties
VX | x M2
= —— - i ={ =

Al = T | Ly 0 - T ) ] Bit) = (5) [ L, 56 + 1, a(0) ]

—-

J
Bi(x) + iAifx) = 22X

expte 16 [ 1) - exnlrin/n 1 0]
T

! X

Al'(x) =} [12/3(5;)—1_»2/3@)21! ;L Bi(o - ﬁ[ 12/3(5)“_2/3(&)]

Bi'(e) + 1Ai(x) - ?»?XP(?”/G) [ 1—2;3(5) bexp(s in/d) 12/3(€)]

i

] o V¥ ﬁr s £y . i oy oL (X 1 F g
IR S ERYAUE J]/:}(e:),}. comien - (5) J_1/3<£)—_J]/3(5)J |
Lo | - !
Bi(-x) £ i Ai(-x) = 2;/; exp(xi 7/6) L J_ ‘(/3(5) - exp (*i 7r/3;p JI/B({E) J 7
A=) = 5 | d, . (6) -3 (£) ;- Bifx ='2L‘{ Jy q@)+d_ o a(E)
POy | Tay® T SARARVE R I V2 ~2/3%)

B0 £ 1A1(0) = B exptein/6) | Ty @) ¢ exote 1 v 3, o6) |

ey |
§
R
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ix\1/2 ' . S
(5) /7 Ky a0 , M) = -7 F Ky

I

Al(x) =
Ai(-x) = 5% [ expli 1/6) H(]/),3 ) + cxpl-1 7/6) H‘l/)3 (£) }
AR = [ exp(-17/6) HY) (6) + exp(i w/6) HY), (6) }

M = o expttn/o) By [ g exntcin ) = 55 oxictw/) K [t exoin) ]

A = - 2 expli ) HYL [ toxpi-tm) ) = - J exolt n/6) Bioy [ gexp(im) ]

Bi(x)  1Al(x) = 2 exp(* 1n/6) Al[ expi 2n/3) x |

Bi(x) £ 1A1'(X) = - Zexp(3in/6) Ai' | cxpe i 29/3) x |

_Bi(«x.)’ii/\i(~x’)=\/% xp( 1 27r/d) H(ll/j) (&) - o

o o 1,2 o0 (12)
LBi(-x) £1 AL (~x) = 7-3- cx?(ki m/3) HZ/S _(E) exp(i i 27r/3 H _5/3 (£)
In ‘1942, H. Jeffreys (Ref. 18) made the observation that "Bessel functions of
order # 1/3, = 2/3 seem to have no application except to provide an inconvenient

way of expressing...... - the Airy integrals'.

When Pryce simplified the van der Pdl-Brer_nmer formula in 1941 he encountered

the functions

£(v)

i

Bi(-y) - 1Al(~-p) = 2 exp(-17/6) Al [ exp(l %'3) v ]

Aif-)

1!

g(v)

[~
|
]
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The group at the Radiation Laboratory at M.1.T. was in close liaison with Admiralty
Signal Establishment (England) and followed Pryce in infroducing the Airy integrals,

but they employed the definitions

I

¥, v |Bi(—v) -1 "Ai(".“)}

1

Y ) = V7 [ BiCn) + 1 AiG-w)]
Since these authors had access to the manuscript iables of Miller and Jeffreys (Ref. 16),

these choices of notation made it possible to obtain numerical results.

The Admiralty Comptﬁin&* Scrvice (Ref. 10) (employing the s_ervices' of miiuy diétinguished
~consultants and research workers) computed values of Ai '|: bn +y expi /) ] )

where Ai(bn) - texp(-i 57/12) Ai'(bn), for a rmige of real values of. f and Y, for

the first five values of the roots bn ‘

At thc Radio R(’Sedt‘(‘h Jni)()rl1t<)ry at Harvard Unchréity, Furry (Ref. 19) nlso‘recog—- i
m7ed the valuc of repl mmg the Bes sol functions of (mlor £ 1/3, & 2/3 by svolutfi'onsh H\’

of Alry s 'equ umn IIo (,h()‘;v to wmk with the form . o

PRE) iy - 0
2 : M
dx.
and by end of 1944 tables of :
2 )"'3 /2 ) (2 Hm ¢
ity ‘(3 x 1/3°\3 Yy @)
‘ : | j=1,2
ah (0 /3G ez B/ey (3)1/3 (273 4 )
O Y xHY o lg 27 )= g JHT o (8)
- L - (%) 273 \3 ) (z) 5/3 J

(5.11)

had heen tabulated to eight decimal pl;'tccs at the points of a square lattice of spacing
0.1 for |x] =6 . These tables were published in the fall of 1945 under the title
Tablesg of the Modified Hankel Functions of Order One-Third and Their Derivatives.
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it is easily scen that

h(x) = k [ Ai(-x) - iBi(-x) ] (5.12)
hyfx) = k* [ Ai(-x) + iBi(-x) ] | (5. 13)
h; (%) = -k [ Ai'(~x)-iBi'(-x) ] (5. 14)
Th () = -1k [ A1 (-x) + 1Bi(-x) ] . (5. 15)

- where. . '
k = 02" expi-in/6).

= (1 2)1/6' exp(i n/é})

The nge Propagation Group at ColumlﬁfgiUnivorsity wag also, engaged in diffraction
studies at the close of World War II. In the work of va{yri {Rei. 20), the Bessel

;’"3 functiong of order * l/’l, 4 2/3 were rotained. In the reports from"this group one
S !

finds such expressmns as !

3

U - ) xp(ci W/ 1, PO (5:16)
: SV - o/q(x + exp(i T/3) 1 2/,5(/{) " N
P = \}172[ IRCRR 1/3(x)J px=232 0 5

The use by Peker,s of these forms was undoubtedly influenced by the fact that the
Mathematlcal Tahbles Project (Ref. 21} at Columbia University was in the process of
tabulating the tables of Jﬂ: 1/ Ji 2/3" J&.- 1/4° J, 5 /4’ Ii 1/3', I# 2/3" Ii_ 1/4°
Ii 3/4" which were later published in 1948-1949 in two volumes under the title

Tables of Bessel Functions of IF'ractional Orderx.

o
H
-a
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Thesc tables are given to either ten significant figures for ten decimalg if the magnitude
exceeds unity) and censtitute the most accurate tables available today (1959) for the
evaluation of the Airy integrals. However, they are not generally as easy to employ

as Miller's classic table which gives eight decimals.

The outstanding contribution of Pryce, Freehafer, and Furry, in employing the Airy
integral in these diffraction problems, is not generally appreciated by contemporary
research workers. This step is generally credited to the Soviet physicist V. A. Féck
(Ref. 12) who has employed the solutions of

dx
" which he denotes by
" o i 3 ' .

1. X ‘ . .

ooty = = Qj cos (——3— + tx) dx {5.19)

. ! 1 ab x3 . . ' x3 . ) : . KR

u(t) ;\/;r: f sin (-,3 + tx) 3 c}m(— Y 3 xt\) dx | ) (h.2n)

. O } . . . . _ |

wl(t) = u(t) +‘::i vit) = 2 exp(i 71 /6) v"[ ekp(i 21/3) t :] ‘ b(}..21’) .

w,(t) - uft) - iv(t) = 2expl-i 1/6) v[:exp(-‘;”zar/:s) tid 0 (5.22)

+ -.In a monograph, Diffraction of Radio Waves Arvund ﬂhg Barih's Surface, published

in 1946, Fock gives tables of u(t), L), \'/(t),“‘v"(t)‘ to four significant figures, We’

readily ohserve that in tcrms of Miller's functions:

() =VTALM) . ouls ST B o

wi(t) = \/{im () + AL (t)} ;o wyt) = T Bifh) - iAi(t}f (5. 23)
5-8
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W ’ X 1
e » LA = g Al(-,,
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and, in terms of Freehafer's functions:

The confusion attendant to the existence of these numerous notations has been further
enhanced hy the fact that Keller (Ref, 22) and his collaborators at New York
University and Franz (Ref. 23) and his collaborators at Munster University (Germany)

have taken the standard form of Airy's integral to be

A(q) % fcxp[~i(7'3 -qm) | dr (5.24)

SO that

2
dAlg) . q =
2 * . A(Q) - 0
i - dq

# oy !
o h
4] W

(5:25)

Vs

78 d

For example, Franz is apparently unuWare 015 the fact that Miller has published

. values of oy Ai'(-ozc) , ‘65’ -Ai(- ﬁs) and Has cbmputed the irrar five values

Alg).

Of 'qsy A'(&l—s), qs)

In Table 5 we reproduce these results by Franz.

Table 5

~ ROOTS AND TURNING VALUES FOR A(g), A (q)

7 qy - Aldy) 7 ag A‘(Elg)

1.460354 ! 1,16680 3.372134 -1,0590b3

4,684712 ~-0.91272 5.895843 1.212955
6.951784 0.82862 7.982025 -1.306735.

1 8.889027 -0,77962 9.788127 1.37567¢

10.632519 0.74562 11,457423 -1.430780

5-9
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It is easily secn that

— 3 V Vo T '
R A'@) = Al'ay)
s S ] 3/’“3 ‘ s
= 3 I S _
d4g = V.3 B Alg) = AlEg) (. 26)

_and therefore the first fifty of these constants can be obtained to eight decimals‘ from

Miller's 1446 table.

Another outstanding set of values of Airy integrals has been tabulated by Cerrillo and

Kautz (Ref. 24) who define the integral

I | exp[—i'(js -B7) )dr BNGR-

which, except for the factor (1/r) is identical with Franz's integral A(B) . These
~‘avthors give values of |A h, 3(B)| _and arg ‘A h1 3(B)’l for |B| = 0(0.2)«,

B =arg B =0{7.5°)180°. with an accuracy of scven decimals. They aiso list the

first twenty valués of E;F . It should also be mentjoned that in o prper published in

the ﬂlliloso]‘)hical Magazine in 1946; Woodward and Woodward (Ref. 25) have given

“tables of"the real and imaginary parts of Ai(z), - Af (z), Bi(z), Bi'(z) for z = x+ iy,

=-2.4(0.2)2. 4, y = - 2.4(0.2)0, to.anaccuracy of four decimals.

* Some enryent research groups have ignored the simplification introduced in the

notation by Pryce in 1941, and continuc to write the diffraction formula in the form

/2

@ f (h ) (k) ) o/nd
F= 27r012/3(k]a)1/3(%)‘ z A2 "'1“-'5—2'2; exp i[(kla)l/srsryw % * :i-r
' s=0 LZTS -1/64 J
' (5.28)
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/2 1/3 -1 32
¢ i / /
2/3 2hg a3 4T 1) i;[ /3 Zhyo .
(k2) a2 H,/ 1,; L(Kla) - - 27
fS(hZ) = ; 1 3
- 21 ‘1:)3 %(~ 275)1,/2
’ (5.29)
: 1 1 32
ot [ oe ¥
TR 372 v (5. 30)
Ll ) - 2T
H1/3 ‘ 3 ( 2'rs) ) e 8
1.2 2
i k2 /k1 _
6, = 5 (5. 31)
e a3, 2,2
(k@) " [ 1o /] = 1
The roots T and 7 defined by
> 's,0 8, A
(1 |1, 3/2 | _ _ ' "
H2/3 3 ( <2Ts,oo) =0 y 66 0 (5.'u2)
-] 1 21 . o : '
H r - =
Mz 3( 275 o) l o, 8,=0 | | (5.38)
havé the property that
. ;_. i . . . ) _ 1‘__ .
Ts,0 C ¥ Ys+ 1 expli n/:z) Tg,o0 ~ B/ By 4 1 expT/3)
(5.34)

where oy and BS denote Miller's roots. A recent (1958) research report (Ref. 26)

liste the following results obtained from Miller's table by dividing o Bgit by &3

5-11
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Table 6
TABLE OF BREMMER'S CONSTANTS !731

- : -

- ]
8 ITé’0| |’s,m'
0 1.85575708 0.808616516
1 3. 24460762 2.57809613
2 4.38167124 3.82571528
3 5.38661378 4,89182029
4 6,30526301 5.85130097
5 7.16128272 6.73731638
6 7.96889165 7.56829093
7 8.73747153 8. 35580960
8 9.47362183 9.10775848
9 10. 18220685 9.82981304
10 10. 86694205 10.52623016

—t
-t

11 11.53074627 . 20030653

23 | 18.43303197 | 18:17303452
24 | 18.94687327 18.69047771

12 12. 17596542 11.85466121
13 12. 80452070 12.49141870
14 13.41801060 13.11233258
15 14. 01778319 13.71887155
16 14. 60498862 14.31228141
117 15. 18061824 14.89363039
18 15, 74553413 15.46384328
19 16. 30049193 16.02372745
20 16. 84615869 16.57399308
(21 17. 38312698 17.11526902
- 22 | 17.91192624 17.64811556 - -

i lTs_fol
19.453838%8
19. 95428298
20.44852842
20.93687144
21.419R8427
21.89691791
22, 36910440
22.83635881
23. 29888096
23.75685692
24, 21046034
24. 65985356
25.,10518866
25, 54660838
25.98424688
26,41823048
26, 84867830

27. 27570281

27.69941041
28.11990179
28. 53727244

28.95161299
.29, 36300957
29, 77154409 -

30. 17729458

T.MSE -288087

E

. B e e e e g e e el

19. 20085366
19.70453341
20.20185516
20.69312830
21.17863681
21.65864212
22.13338559
22.60309063
23. 06796458
23.52820029
23.98397750
24.43546415
24,88281738
25, 32618449
256.76570393
26. 20150586
26.63371297
27.06244101
27.48779937
27.90489158
28, 32881568

28, 74466471

29. 15752704
29. 56748664
29.97462349

In Table 6 we reproduce these tables for the convenience of adherents to Bremmer!s
nntation.  Although this is a simple step to carry out, it would have been unnecessary
if the natural units proposed by Pryce (Ref. 10), and used by Frechafer (Ref. 8) in

Vol. 13 of the Radiation Laborutory Series und hy all current Soviet writers (Ref. 14)

had been employed. These units have been defined in Section 1 to be

ER
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We then write

The normalized impedance is defined to be

2
/3 K e —
NN
a=1("¢) kz/(k2/1<l)--l
2

LMSD-288087

ey}

(5. 33)

(5.37)

The diffraction formula then takes the form of Pryce and Fock

F =VmE expln/4) ) ———5——explift ) = 5 V(L £, £y, @) (5.38)
e 8= t - q e T T p—
Bremmer - 8 Fock
Ail-ga + - -
£ (¢) = 1[ ag * & expl i"/B)] _om -0 (5. 39)
.8 Al(-a ) w1<ts)
Af (- as) + g exp(i w/3) Ai(~ ag = 0, or Wy (ts) -q w.l(ts) =0 (5.40)
whére o ‘
ty = o expll /%) = V2 o1 (5.41)
Fock : Bremmer
' 5-13
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Section 6
HISTORY GF NOTATION FOR TRANSITION REGION FORMULAE

One modern writer has accepted Fock's normalization 'although the notation of
van der Pol and Bremmer should have a historical pricrity.' It is 2 curious fact
that the normalization of ts used by Pryce, Frechafer, Furry, and Fock actually
has the historical priority. Pryce is the only modern author who is apparently
aware of the fact that in 1510 Pomcare/(Ref. 217) had indicated for the special

case §1 = L‘z = ( that the diffraction formula should be of the form

N R exp(ii £) (6. 1)
S:

where 'cs denotes the roots of

. F [ts exp(i 4n/3) } =0 (6.2)
and -
o0 X3 > 3 i
F(t) =f exp(itx - i—g-)dx = 2/ cos( 3 ~tx)dx i
—00
.3 6 4 ,
_ LA t___ - ) L
- a,(1-35 * 33 Pay(togg ) ©.9
- o~ 1/6., l) _ /8 (_2
By =3 1(3 : a, =3V (%)
is a solution of Airy's differential equation
2
Q__ZE_ FtF = 0 : (6.4)
dt
6-1
LOCKHEED AIRCRAFT CORPORATION - MISSILES and SPACE DIVISION



LOCKHEED AIRCRAFT CORPORATION

LMSD-288087

Unfortunately, Poincarsg did not determine R explicitly. The brilliant analysis
of the problem given by Poinearé is marved by the fact that the significant results

are hidden in the difficult style of writing.

Poincaré showed that

"F(t) , exp(i 2n/3) Fltexp(i 2r/3)] , exp(i4n/3) F[t exp( 41/3)]

were all solutions of Airy's differential equation. He showed that

PO e 207 6 V4 cos (24%2. 1) , 1«‘<t>t~_‘,o\f7r‘<—f:)‘V“exp[—%(—t)s/21

3 4

. / o .
Poincare sought to evaluate the infinite serics
. !

JwbhH (i) 1/Z(wD) 2, :
o= - -—7 RO 2 n(n+ 1}{(2n+ 1) —d @ -—— Pn(cos 0)= AI‘PH(COS 6)
47w” p"D” p7] O ) Yowp H7y o (wp) =1 (6.6):
for wp »>>1 and wD ~ wp. He showed that for n in the vicinity of wp; B
: Ywp an]( (wp) n i exm 2,1@ —" 2/3
Arl = - -—2——4- n(nt+1)(2n+1) —— — (2) -(-1) e (wp) :
41w p KT Ywp H s 1/2(wp)] 2 p
_p‘i F [t exp(i 4#/3) ]
@P Bt exp(i 4n/3)]
(6.7)
where
2/3 2 /3
- (wp o V2 ( _ .
t = (2) (1 2 2>~<wp> wp n) , (6.8)
wp

6-2
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The Legendre polynominl was replaced by the approximation

2

P_(cos 0) “‘/ﬁnsmo ms(no P —}i’-) (6.9)

2

The series was replaced by an integral which had poles when

1/3

n o= wp -t (%‘3) (6. 10)

where ts denotes the roots of
F"[ts exp(i 41r/3)] =

e e

However, Toincaré did not evaluate ts, nor did he complete the analysis to show

that the residue of An at these poles was

: . 2/3
Res A_ =~ (-1)" ‘—’59%—’5@ (i"f\. - (6.11)
n : 2 7 t
P 5
At the pole, the Legendre function can be approximated by
1/2 A o . 1/8
P lcosf)w~ L (*‘2“"‘\ exp(- iwp0 + 1 w/d) expiit_&) , &= (%) ]
h_ ! : o \wp ) v s :
5 Zyrsgind _ »
(6.12)

However, Poincard did not complete the analysis to explicitly evaluate the coefficients

Rs in the asymptotic result

0

bo— Z . exp(it_§)

»—1
8=1

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DlViSI(jN
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In fact, he did not go so far as to assert thai

R, - K/t

1

H
gk

o0
1
s ,;. — 3
R exp(it_f) KSZ E exp(iét.) (6.13)
_1 =

£}
1l

where K does not depend on s . However, it is quite clear from Poincaré's paper
that he was interested in methods and not in expliecit results. Throughout this paper
he makes frequent use of constants which are never explicitly evaluated. For example,
he writes

i 5 1/6 @), /6 .
VEJ (0 =K x/"T) , HIm~K xF[texn(i 4v3) ]

(SR
S

1- 325) 9 (3)]/3 (% - ) (6. 14)
X

but doeaﬁ‘ not stzi‘te the delinition of ¥, and K‘1 . However, since

. Ll‘ : (2 - a1
dx VX Hn xRy = }\]

5 expli a3 x VO [t expli 4w/3) ]

the constant cancels out when using the quotient

VX Hff) ()

”

V3 L ,
- o1 4wy (%) F[t cxpli 47/3) ] (6. 15)
F'[texp(i 4m/3)]

Do

A 42, ]
dX !\/3{ Hn (X)l

This paper is made cven more difficull to read because Poincaré generally suppressed
the arguments of his functions and onc has to follow the derivations very closely in
order to know what arguments are implied. A number of unfortunate printing errors

further complicates the reading of this paper. In spite of the objectionabic

6-4
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characteristics of the paper, it represenis a very thorough study and the careful
reader is fully aware that the brilliant analysis therein reflects the fact that this
research study was made by one of the greatest of the mathematical physicists

of the second half of the nineteenth century. In addition to these faults, Macdonald
(Ref. 2), Love (Ref. 28), Watson (Ref. 3) and other contemporaries dismissed

the paper as "lacking in rigour in some points of detail.”" Consequently, later
writers, by failing to vead the papecr, missed geveral important points. " The most
significant result which escaped notice for thirty years is that concerning the three

Airy functions
Ft) , Fltexp( 20/3)] , F[texp(i4n/3)]

If we obhserve that

o0 .
Ft) = zfco (—g—x‘"’-xt)dx = 2n AN(-t) (6. 16)
[ [ —

Poincaré ©° . Miller-Jeffreys

' the results given by Poingard imply the properties

it

Bi(x) + {"AL_"(-x) 2 exp(i 7/6). Al [ x exp{l 27/3) ]

i

Bi(x) ~ iAi(;i{) -2 exp(-1/6) Ai{x ex.p("-—'i Z7r/3):] |

i

. Bi'(x) + 1Ai'(x) —2 exp( -in/6) At' [ x exp(i 27/3) ]

it

Bi (x) - iAi' (x)

whi‘ch, for example, permit us to..z determine the roots of
Bi(x) - 1Ai(x) = 2 exp(-1 7/6) Ai[x exp(-1 2n/3)]

in terms of the roots of Ai( -a@) = 0.

8-5

—,2 exp(i-n/G ) Ai' rxexp( -i M’B)]v s (6.17)
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Many of the coneepts developed by Poincare were arrived at independently by
Nichoisen (Ref. 1).

In a paper published in 1910-1911, Nicholson showed that, for ka >> i, the infinite

series
- "y
. H' '(ka) dP_(cos 6)
H¢=~—i‘—;s-\/—l;l~l:g m : —B ,.m=n+% (6.18)
a“Vika 1 ‘ 2) d(cos 0) -
d(l ) \flnH - (ka)j
could be approximated by the series
‘/____ [ o]
2 27 1 32, Jo M
H = =2 —— > A, exp[ -y 0 - n/4) (6.19)
¢ a2 ka Jemg &4 S s 8
where vy denotes the rools defined by
V& II( "k} = o0
8(1(11) Ka (ka)t = (6.20)
and A, denotes the residue -
s - u v
(2)
, Vika I ka
A =7 g 6.21)
vy 0 ulm ) (ko) (
Ousa(ka) LV

In order tofbompute' vy and AV , Nicholson wrote Lorenz's (Ref. 29) 1890 results
, : .. Vs

-))

\/ Z . nk]/2 (x) - vn(x)i 1'wn(x) : } - (6.22)
L1 x\Y8 j ] 1/3 -
Vn(x) ——\F:ivr (6 23 cos(eu "+ u)du . {6.23)
. 0 u
/3 2 : 1
1 X 1} /3 /3
w_(x) i 5 (E> ()/;275 -gin(eu /3y u) + exp(eu / - u) ldu (6. 24)

6-6

LOCKHEED AIRCRAFT CORPORATICIN - - MISSILES and SPACE DIVISION

R




e

" e L Ay -ONn A ek

amE i

L] - —c—

LOCKHEED AIRCRAFT CORPORATION

where
1
e:(G/x)l/B(m~x)? m - o0+
in the form
(ka /3
p = ka + 5 P
/3 -
Dy L (S
Holkox % () o)
0 [ ’ a
e A 3 Y S 4.8
f{p) —_/ cos(w™ + pw)dw *+ 10[sm(w + pw)dw + { [ exp(-w" + pw)dw
0 ‘ )

He then let p denote the roots of
!
ael -

dp L
.

/3 ,
ka . 3
vy T ka + (—6> Py = ka - 1(ka)1/ B

and wrote
8

and showed that for r =a

f?

b gin 0

r=a

Nicholson evaluated thé fipst root and obtained

vy = ka + (0.5192 ka) 1/3 exp(-i7/3)
- ka - itkn)? (0. 696)(1 + i--\/l.—.g)

or - a1

6-7
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{6.25)

(6. 29)

6.30)

: | e .
H N A . }1 L xp(-llan -(ka)‘/ 8,0+ 13{«] (6. 31)
§= -
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Nicholson knew that

o0

£(p) = fcos(w3 + pw) dw (6. 33)
0
wasg related to Airy's integral
(=]
W) = [ cos & 7 w® - pw)dw (6. 34)

(¢
introduced in 1838 by Airy (Ref. 30). In 1851, Stokes (Ref. 31) computed (to an
accuracy of four decimalis) the first fifty zeros of W(pu) and the first ten zeros of

the derivative W'v(u). The first few of the

02
o
b
a
P
o

i

W(w)

0: pu = 2.4055, 4.3631, 5.8922, 7.2436, 8.4788, ..
W'(u) 1.

9
08/45), 3.4669, 5.1446, 6.5782, 7.8685, ....

0 : §n o=

With one exception (the first zero of the derivative, which should be 1.0874 not . 0845),
all Stokes' values were later found by Miller (Ref. 18) to be correct within a unit of

the fourth decimal. We observe that
£(p) = ey w[ —em?, ] " (6.35)

Nicholson failed to observe that

. o g w ,3 ) ' . 3
f(p) =f cos(w" + pw)dw + if‘sin(w + pw)dw + i/pxp(—w + pw)dw
o 0 ’ I3 , i
wo= 2exp(i n/3) fll:p exp(~i 21/3)] (8. 36)
o that |
! R Y . ’ 2/3 .
Fp) = 2 Vo/?  expl n/3) W| (/)7 p exp(i n/3) (6. 37)

Therssiv -

4 164 S v .
HEEAE (—‘(j?;j = 2 Vo/n exp(i 24/9) W' [(2/’”)2/3 pexp(i n/3) J (6. 38)
6-8
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The rocts sought by Nicholson are thus given by

s

Nicholson's 1910 work resulted in

(p1)3 = 3.115 exp(-iT)

by = (/2P exp-i n/3)

1. MSD-288087

(6. 39)

which leads to b= 1.081. This ig further from the true value By o= 1.0874 than

Stokes' (1851) incorrect value 1.0845. Nicholson did not seek Pq for s>1.

It is a curious fact that the property

flo) = 2 exp{i n/3) £, [p exp(-1 2m/3) ] = 2 expil 1/3) flﬂp exp(i 4%/3) ]

iy, =
Y

leads té
g2 (ka) =~ %2_ (%)USexp(i» m/3) £, [pexp(i 47/3) ]
ﬁut
. ',fl(p){f =23\1/_§ F(_f\/%:) f’?fﬁ’z‘w[-(Z/w)z/spj
y - - 3f_3 ¢ =22y (6. 40)
N e el ——i

S

A

Nicholson Poincard .- - Stokes

and héhce Nicholson's form of this approximation turns out to be identical with

Poincaré's form

. 1/
(2) , v o explin/3) (2
Hv (ka) =~ —p_leL (ka)

except that now the arhitrary constant has been evaluated.

LOCKHEED AIRCRAFT CORPORATION

¥ [t expli 47/3) ] (6.41)
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. N . 4 ' . .
Neither Nicholson nor Poincaré appear {0 have realized the vole in their work of

Stokes! values of the roots of W{u) and Wiu)

In 1909, Macdonald (Rel. 32) studied this probiem and used Lorenz's resuit in the

NY
(2) 0y ~ L (6)
L O B el y(w)
3 \7 3 1
y 1) =fe-xp(3u £-E)dg + exn(—i %)[exn[—&t exv(—i§§)~ ¢ ]dt y B=3
5 _
However, by 1914, Macdonald (Ref. 2) had usad the result

s —is3:] ds = exp({i n/6) H§})3 [x exp{-i w)]

= expli 7/6) H%},Q(X) + exp(-i 7/6) H§7§ (=)

(6.43)

to replace the Airy integrals by Bessel functions of order # 1/3, % 2/3. Thus, he

wrote

.Hiz)(x) ~ 12X 3 3 2/3§1/3[ exp(-1iz/6) 1_ 1/3??) v oaxpli 7/6) ,'11/3(!;)]

-1 -1/3.~1/6 ,1/3 : - \
2 x TSIV EUK g [t exp(-ia) ] (6.44)

where
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This change in notation resulted in Nicholson's 1910 result

1.MSD-288087

, 1/2 o
H (T DR 3 l 1
¢ \ o] " & By

Bg = 1pg (1/%8)

27\ exp(~ ika 0 1 i 3;1/4)5 — expll— (ka)l/?’ﬁsel

emakmﬂv3wﬁ9%mow§+iyﬁl

(2 B '
oy Loxnt 1) 5 3= | 3,0080 = Ty} | oxo

6.45
e g (6.49)
dp
p=p
o0 o] oo
£ Q
f(p) =f oos(w3 + pw)dw + ifsin(w3 + pw)dw + ij exp(-w” + pw)dw
0 N M
appearing in Macdonuld's 1914 paper in the form
o
2. - —itkaf -
H. ~-113ka) 5/6 2<gl> exp[ -ikat - r/12) (3x,)"
4) 0 k=0
(6.46)

E)/omn(3) |- o

The roots B_ used by Nicholson arc related to the roots g used by Macdonald through

the relation

Po-1 =g53— %3 axpi n/6)
o4 8 ,
and the ps have the property
2/3 .
Py .1 = 3(XS/2) / exp{-i =/}
6-11
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In this paper, Macdonald (Ref. 2) compulcd the lirst three values of X with the

restlt that

= - C = 7 5
Xy 0.6854 , X, 3.90 , x 7.05

The true value of x1 is x1 =(0.685384 and hence Macdonald's value of Xy is

correct. The next 9 roots could have heen immediately written down correctly
from Stokes' values of the zero. For example, the values

x, = 3.9028 ,  x, = 7.0549

-

T — o m——r Ll

e e bt

follow from the second and third of Stokes' roots since

572 (6. 49)

Xy = w(u
It is a curious fact that from 1914 to 1941 every author writing on these diffraction
problems employed these awkward, multivalued Bessel functions. This is un-
.doubtedly due to the fact that 2 1918 paper by Watson (Ref. 3) is generally taken as the

}wsiﬂ for these aiffraction studies. In this paper, Watson usecd the approximation

1 g -2 o olip) exp |t vtw - w'/3 - axotg w) | HD, (5 0v’) (6.50)
JE
where
v ‘XZ/UZ'T ) *'gﬁargw<12r'
w-w/3 -aretg w = -w/5 +OW)
Since

A

ex;— EobLRE
By i2)

6-12
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it is convenient fo write Watson's result in the form

PR s
H(_Z)) (x) = ———————,w-,y»zm.-.,,»—. exp[—ix{s.in"r- TGOS T)+ ii‘r] I‘/%?": eXP(M )Hﬁ}; (5)‘
’ rfx" - R ) ]
(6.51)
where
y = xcbs T , ¢ = (X/S)(Sing'r/uusz"r) - }3} W3

This form emphasizes the fact that Watson's form leads to the result

(2) / 2 . T
HY(x) » [ —ge=e= exp| ~ix(sinT- 7COS T)+ i (6.52)
v mVx"~y” - 4 ] ‘

when x is large and - X <<y << X .

When v is comparable with x (or more precisely when |u - x[ < x1/3), we can
replace w by '
o A T e ) ()
T x x
where
s (5)40
Also, under these conditions
] ¥ 2 ! [y
AN (3)’/3(4\]/? 1% 2 (_L)a/z
3 T3\ x A
6-13
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b2}
We can then veplace the exp ‘— iv(w - w°/3 - arctg w)‘ by unity, and write

. ey a3 /2 a0 ‘
1 (9 = %{,—}—’I@ (2) (+) ‘(13)3[ S ] (6.53)

This form derived from Watson's result was employed in 1938 by van der Pol and

Bremmer. However, they wrote

and hence

, 1/2 3/2
@) ) o~ lz/.) g2 | L.
H (x) N{S U (-27) 1/3 [3( 27) ] ~ (6.54)

Watson's restriction -7/2 ¢ urgw < 7/2 - permits ue to write

/2 2

Ywd o 2 2
woom gt =y

exp(-1 37/2) =¢ exp(-1 34/2) ~, ¢ =

for real values of t. Then we have

. /3 f. S
(2 L exp(-iw/6) (2 (2) ; . L o
HV {x) ~ - _l’\l[_g_lfL)( x). vt 111/3 & exp(-i 31r/2)]
Since ' S
' u,‘q\( 17;—/(’ 111/3 r!; exp(-i ‘%7/?) P ?7; 1(1/3 Eg expl-in )]
we have

2 21/3

2y e 2 -1/3.-1/6 ,1/3
Hi )(XJ ~ . W vE K1/3 [¢ exp(-1m)| = ~X 3 3

Ky Lt ex(- in) ]

This is precisely the form employed hy Macdonald, We are therefore led to obgerve

that the more rigorous (and more complex) approximation introduced by Watson is,

6-14
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before making computations, reduced to the identical less rigorous form introsuced in

1890 by Lorenz and employed by Poincaré and Nicholson.

The most remarkable fact is that during World War I (when first class physicists
turned their attention from quantum and nuclear theory to classical wave propagation)
one of the most significant advances was the replacing of Begsel functions of order

£ 1/8, *+ 2/3 by Airy integrals. We now see that this was merely a matter of going
back to the notationul concepis of the mathematical physicisits Lorensz, Poincaré, and

Nicholson. The remarkable results

. - _ s S Ad ¥ - J - — \',—'TT 3 _
wz(t) = y2( t) \/'17,131(12) 1A1(t)l =V f(-t) (W exp(-i 27r/3)h2( t)
— —— ———— —————— N e ,
Fock Freehafer Milier Pryce Furry
= —L— exp(-ix/6) F[-t exp(i 4n/5)] (6. 55)
T
Poincaré

merely reflect the fact that these men chose to take
2
¥l gy = 0
dt

as standard form of Airy's differential equation. Therefore, we feel that the adoption
of the notation of Fock has an historical precedent in the work of Poincaré and rep-
resents a natural choice since Pryce, Freehafer, and Fu;'ry independently chose a -

related form. The form used by Keller and Franz,

o0 2

Alg) = fc<7s(.'1'3 - qndr, d l; +'~g A =0 (€.56)
: ] dy
has an historical precedent in Nicholson's
© d?‘f
3 1 p -
f1(p) = [cos(r + pr)dr = A(-p), 7 ~5 -5 f1 = 0 (6.57)
0 dp
6-15
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and Lorenz's

° /3 ‘
Q(x) =f-—u~2173- cos(u - xu / ) du = 3f1(=x) = 3A(x) , o % Q

o dx (6.58)

However, available tables and more general usage suggests that the notations of

Fock and Miller should be emp].oyed.'

6-16
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Section 7
STANDARD NOTATION AND TERMINOLOGY FOR DIFFRACTION FUNCTIONS

In this paper, we use Fock's form of the van der Pol-Bremmer diffraction formula

v(-y ) #Jilwa y)

V(¢, yl, Yo q) = exp(-i n/4) _§_ jexp(lgt)wl(t y) w ,@) qw (t)

—c0

(1. 1)
as the standard form for this function.
The case when both antennas are on the surface (yl =Yy = 0) was considered as

early as 1910 by Poincare (Ref. 27) and Nicholson (Ref. 1) and later by Watson
in 1918 (R_ef; 3) and van der Pol in 1919 (Ref. 5). In recognition of Nicholson's

contributions, the designation Nicholson integrals or Nicholson functions will be

used for the integrals

l(t) -

W 1 {t)

woty
v (x, ) = M—)/—f explitt) ——dl— g

u{x)

’ W (L)
vix) = Vo(x,o) sl ”r/@“/:“” f exp(itt) ( :

t)

= lm [2154%V_(x,q) ql e—ﬁ———”@) £ 3/2 [ exp(iEt)
q ‘

w' (t)

L

w (t)

LOCKHEED AIRCRAFT CORPORATION
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V{,0,0,q) - 2 Vo(é. q) (7.3)
and
V(, 0, 0, 9 = 2v(§) (7.4)
If we write
V (&, q = -2Xptin/d) /E? oy f exp(izt) —_ (1.5)
o™’ 2 - m q 00 wl(t) ‘ !
1-
qwl(t)

- el fL1-4 Jowten 10

we observe that

- y "o
V(& - 2Rl 1) R o) - ﬂ—l—m) /ﬁf

q—.oo

jnm

- - explel "‘“f‘s; o) - :
4 207
Therefore, ’lf 40,
V (£, q) — -—s— u(g)
. © g« 2q%
and
V({v 0! Or Q) — - u(g)
£x0 QE
q-—;oo l
A

LOCKHEED AIRCRAFT CORPORATION

! 2
w _1\t)

dt

| SNSEE——

aw, ®

exp(ift) m +

F o Tae)

(7.7)

(7.8)
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The designation Fock integrals or Fock functions wili be emploved for the integrals

Vl(x, a)
g(x)

f(x)

i

_L __exp{ixt) it
FJ Wi - aw, ®
_ L [ explixt)
V06 0) = _[o W () dt
o]
| exgglxtL
lim [ qu(x,q)] Ne= —{o W]_(t) flt

(7.9)

The Fock integral Vl(x, q) is obtained as the special form of Vi{x, Yyr Yoo q) when

one of the antennas is on the surface (yl = () and the other antenna is raised to a

great height (y2 — o),

Thus,

! o
C ' 9 3/2 - .
VEL 0, vy o) e (15 v,” )Ji; Vi @, x= &=V,
‘ (7.10)

The case in which both antennas are raised to great heights was first treated

correctly in 1947 by C. L. Pekeris (Ref. 20).

Therefore, the designation Pekprls

integrals or Pekeris functions is used for the integrals

7-3

LOCKHEED AIRCRAFT CORPORATION

B expgl ’H/A')_[ vit) -gvt) . expli A)
Vz(xr CI) mJXIXt Wl(t) — qwl(t) dt 2 \/_ﬂ_x
) 0]
- - @A - - = _1~ s ,._,_Y_(E)_,, ———l—-——
p(x) - = - exp(-1i r/4) Vz(x,oo ) = jexp(mt) w1() dt + N
. . 0O
e am e 1 [: v (t . 1
= - - VolX, 0) = —— | expf{ixt di + —
a(x) exp(-i /4 Vyix, 0) . J pfi )—#Ll(t) b=
(7.11)
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‘ We can show that
, & . kK
VI, g0 Vo @ Flé vy, yy) +4 L exn[l 3 (yg/‘z '/2)]V (x, @)
11 Y2 1 Y2 vy 1
Yy r
Yo % (7.12) 7
X = £—fy_]i— - 'yg l -=
wlz;ér‘e F(¢, Yy yz) is the "knife edge' diffraction field
( - 2 - : '
", 3 vv) [ 2(.3/2. 3/
¢ | b U IO | S A 2(, /2, )
expll[-ﬁ-ﬁ-%(y2+y1)+ a7 -] 4 y]yz exp 13 yl Yz .
: T o (Z' 'J—r) | J‘PAX)(iSZ)ds. X <0 I
) ‘ B »eX’I)—lT —14 ﬁ‘ L}‘ ’ : - .
¥ (‘S) y1' Vz) - ! . —-T : N . )
2 3 ;2‘ P S oa T z
4 3 '::xp[.l ,3< /2‘ Yy / ) J[exp( ’—i;’f) - jexp(‘xs )ds ] )
Yi¥o SR
N ) : . L T )
' x >0 g
(7.13)
&
whero ==
\; P -
R A I T S AR S
i'L ) u — 1 2
‘ \lyl .+‘ V?
(7.14) i
7-4 f
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If we define the modified Fresnel integral

1.MSD-288087

. 4.2 i P 9
K{r) = exg»(—i72 -1 ‘I) f‘%f exp(isz’) ds
T

(I
A
-3
—
oy
<

_ we can write

x <0 :

V(&) yl»' Yz. Q) exp i
Y, =
1

Yo

PP N

Xx >0

y—-uo

Yo
i Ll .

Ve p vy @ 1y2‘ mg[ig(yl + 3/2)] [”K(T) 'V, q)]

(7. 16)
For large values of 7,
KN 7275 0 osp(t ) [%;’1:3 gy } | | (.1
 We observe that for. 1-—~ -w, le, x—-w,
CpK(e1) + V@) ——> V%, o (7.18)

T-—»-uo

" LOCKHEED AIRCRAFT CORPORATION
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whore NS
V@ = - ‘i\j;’/(;ﬁ ) f exp(ixt) -h’—w;(t(i)”_%‘x?() dt (7.19)

Also, for T:\i,e. , X o0 )
pK{n) + Vz(x, q) . 62(#, q) {7‘201.

. ~
We designate as Pekeris caret functions the integrals V,(x, @) and

[2y)

N . A 1
bea = - oxp(-1 T) Vo, ) - = [expiixy ;"—1% dt

-00

q) = - oxp(- iT) Gz(x_, 0) = f_ f exp(ixt)_L_@_ at

' ’<7’. 215

Before r)roceediug let u% .anke a tew remarks in support of the notations intrbduced.

Let us observe that when neither antenna is r.uscd {i.e., the number of 1(11sed

antennas is zero) that we have the function "V sub- %CYo’ ', i.e., VO(,{ q) - Vitien

one antenna is raised we have the function "V sub-one, 'i.e,, Vl(x, q). When the

two antennas are raised we have the [unction "V sub- two, e, V. (x,q).
[

The notaiion, Vl(x, g) is already in use in Soviet papers in this field. The notations

»’O(x, q) and Vz(x, g} ore new.

. _
The function Vz(x, q) is finite at x =0 but Vz{x, 4) has the behavior

oo )
v o W) TG T T (7. 22)
241 X
7-6
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The !'u“‘.t has been choscon so as to (:|1||15135|7,1 sin llk‘u nature of V?{A, q). Since

the magnitude of Vz(x, q} has a graph with a "spike" at the origin,we have introduced

the carct to remind us of this behavior.

The normalizations of u () and v(¢) have been chosen so as fo yield the property

u{(0) = v({0) = 1 _ (7.23)

oY ~
The normalizations of p(¢) and q(f) have been chosen in such a manner that

only the real part of these functions is singular. -The choice of the factor 1/\/77_

is dictated by the desire to omit a constant factor before Vz(x, q) in the imporiant

combinations

+ Kt 7) + Vz(x, q) . _ (7. 24)

We will also use the nomenclature:

1. Attenuation function V_(x, q)
2. Currcnt distribution function 'Vl(x, a)

3. Refleclion coerfficient function Vz(x, o)

These names are suggested by the npplicatidns. The function VO(Q, q) describes
the attenuation of the ground wave at the ground due to a -source located at zero

height on u cohvex surface.  The function V (x q) describes the current distribution

(tangential‘.mqgnotic ficld) induced on a convex surface by a plane wave. The function

Vo (x, ) de.srrlbeb Lhc retlectlon of plane waves by a convex surface.

It Would be highly desirable if all future work in this field were to be done using an
exp( - iwt} tirﬁe dependence since this has been adopted by Bremmer (Ref. 33) and
Fock (Ref. 12) in their books and papers. Not only does the need to use complex
conjugatc functions complicate the applications, but it also can lead to some confusing

situations. For example, Fock uses the function

o
g = — / at (7. 25)
‘/.h -0 '

7-7
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whereas Wait (Ref. 13) uses an integral

1 exp(—lx ) o
= 7.28
U(x) r‘-'ﬁ W (i, dt ( C)

which can be identified as the éomplex conjugate of g(x). However, Fock would write

2(x) = j’ p(—1xt) at
oo W (i-)
since -
W) = wy(t)

Wait = . Fock

In previous sections, the various notations for the Airy functions are discussed in
more detail. However, we take this opportunity to urge that the Fock and Jeffreys-
Miller notations for the Airy inlegrals be universally adopted. The Fock notation

is convenient for thov‘purposo of derivations, but the hest tahles of the'Airy integrals

are those of Miller. However, after deriving results using Fock's v(x), wq(x), wa(x)v,

_ it is easy to obtain numerical résults by noting that

v(x) = V1 Ai(x) = v F(x) sin x(x)

i

wl(x) Vi !Bi(x) + iAi(x)} = Jr F(x) exl:!;ix(x)j : (7.27)

‘/—'"—IBi(X) ~ 1 Ai) ] =

1i

wz(x) vr o F(x) exp[—ix(x)]

In using the residue series we need the roots ts(q) of

w,i(ts) -qwt) = 0 ‘ (7. 28)

LOCKHEED AIRCRAFT CORPORATION . MISSILES and SPACE DIVISION
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v, t -
wit)) = 0 (7.29)
w.(t)) = 0 ’
1 S) (7.30)
and Miller uses
Al (a;) =0 (7.31)
Aifa) =0 (7.32)
Thercfore
o= - exp(i l,r) a (7.33)
S b 8
N
£ = eX])(l . ) 2 (7.34)
Fock Miller

b4

It would be hettor to change this nolation in the following manner: Let

Lo ) :".r-
@ gy (7 15)
ﬁS = = ds (7. \)6)

The precedent alrendy exists since o and g were defined in this way by Pryce
iy T3

and Domb (Ref. 10). We also proposc to let ts(q) take on the limiting forms

o o .
Ls(w) -l Tag oxn(} 3) . (7. 37)
b = 10 g exp(i ’—;) (7.38)
7-9
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This notation can be confused with Fock's notation since
o] 0
= = t 3¢ '
ts(oo) - ts s (7.39) %
Fock This paper
i
1 0 s
ts(o) = ts = tS . (7.40)
e —— B

,.

Fock This paper
However, the change is urged in order to let the superscripts indicate the limiting
value of q instead of the boundary condition. This change has already bheen made

\
by Walit who uses a result equivalent to |
' i

o _ %0 ox conlusat o
LS = ﬁs exp( 13> complex conjugate [ tS ] . (7.41) ]
Wait This paper

This is a good example of the reason why one time dependence should be used.

We should also remark that one should write Miller's values of Ai‘(as), Ai(u’s)

in the form '
!
Al = Ai'(—as) (7.42)
Ai(a's) = Ai(-BS) : (7.43)
Also
¢ 190 . 10 - . oy g :
Wit = witd) = zﬁr‘e4p( 16)A1( @) (7. 44)

This paper Fock

Wit = wt) = ZV\ﬁr—exp(i ’6’) A= B) (7. 45)

This paper TFock

7-10
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in Soviet publications (ief. 14) these integrals have heen defined as follows:

m\ /x < .
V(X, Y,_, .Vz, ‘Ci) = exl](“i Z_)\/% [ GXp(lXt) 1‘“9 y1, y2: Q) dt (7-46)
I .
Vi(z, y, @ = ;,%f exp(izt) o (t, v, q) dt (7.47)
r
where for y, > Vi

. ' B ,
(T’(t" Y, Q) V{t - V‘) - -'__Ilﬁuﬁlg)_
w (£) = aqw, ()

Wit -y)
_wy®) - awy ()

i
= = lw,(t- ——
2 2( y) w'l(t) -qw, (t)

. . e e r
where T is a contour which starts at infinity in the sector T argt < w . pusses
)

hetween the origin and the pole of the integrand nearcst the origin, and then ends at
ooy os . r i

infinity in the scctor - 7—} <arg t < EE

Somc special cases of these integrals have been given other symbolic designations

by the Soviets. TFor example,

. o avnlinf 1 r

glz) = Vl(z’ 0, 0) = Ve f exp(irt) W‘—(t') dt (7.50)
I 1

V. (7, y, =) |
1 1 . 1

fz) = ————— = - =-1 exp({zt) —+dt 7.51)

(z) 5y lyo I If p( W‘J,(t) (
7-11
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We also find in Soviet literature

Vn(‘g, q) =

and
Ty =
glry =

and
fg) =

gg) = ——

/

i) g £y
_.:\.,j.(l[l z,t) t) -

o exp(ﬁ) [ V()
-V 8, e) = = expliLt) W, © dt
T
;I
expli !
-V, &, 0 = *7;(%) [ exptity g
T 1
exp(i g) ~
——— + {(©)
2Vr'¢
exp(ill{_) ~
e v m(E
STi L g(£)

(7.52)

(7.53)

(7.54)

(7.55)

{7.56)

The notations introduced by Fock and his co-workers have noi been strictly adhered

to in this report.

We follow Fock and define

it

f(£)

Q
Py
Ve
N

I

LOCKHEED AIRCRAFT CORPORATION

[ axplitt) ———
= exp(itt) wl(t) dt
I

1 1
= exp(iét) ———dt
S [ plisD) wi(t)
T

exn(i %j) £()

cxp( i ) g{t)
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(7.60)
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In the case of Fockls V(x, 0, 0, 0) and ; a_ Vix, 0,
Jy, Ay
12
r w' ity
am /e 1 . Tt i
4 = —_— S e T ynfift} 1t = —=
u{t) exp( 4}3; / o) explifi) wl(t) dt i
T
wo (1)
iy = ay 1 if 1 -1
vi¢) = exp 2/" exp(itt) o (t) dt = )
In place of Fock's f, :, 11, f, g we define

B = rf exp(l -V% at = expl-1%) )

f exp(itt) (%%)— dt - ex';)(— i %) B()

- S
q(€) “/’Tr

Vo6, @) =V, &,

pe) = exo(- 1 %) FO . a@) - expl-17) &)
so that
B - P
4 = - o+ )
aNT

LOCKHEED AIRCRAFT CORPORATION
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«j we define

3

V(g 0: '01 co)

(7.61)

Vi, 0, 0, 0) (7.62)

(7.63)

(7.64)

(7.65)

(7.66)

(7.67)

(7.68)

(7.69)
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which have the properties

1)(&) ——— 1 - l _.;')'Tg - g.g 1
§ — oo £ 3
Q) — -1-i% 2
Er—o : £
The Soviets have defined
A Z? A
F() - exp(ﬁj) f(&) - oxp{i (%E
~ 3y . r B}
G(z) = e*(l)( % ) B exp[i (?E

so that
5y A
P() = - F(t
© - o F
apy - -2 W
-

[.MSD- 288087

(1.70)
(7.71)

cr) 1 7.7
1) 1B (7.72)
+f~)} Ge) (7.73)
(7.74)
(7.75)

In this study, a set of generalized diffraction integrals have heen defined. For these

thie notations are:

w! (t)
J{n)(i) e /t exp(ist) (t)
N v, ®
K(n)(g) = ‘.-ITFl— k/'tn exp(lgt) ;\’Tl(t_)‘ dt
. T !
7-14

- LOCKHEED AIRCRAFT CORPORATION

0 <

e
A
8

J (7.76)
(continued)

MISSILES and SPACE DIVISION

-

at

|om—

e R




I MSD-288087

¢ gy - AL f " Lexplict) o (t) dt \l
- r

(n) .\ . i n . 1
! gri(E) = i 1—[ t" explift) vy dt (
; ( —w <l <cw

~ in
S G i
r

ﬁ VT wq(t)
A(n)/ — .._i:‘.. n i V't "
! q o {E) = ffI[t exp(ift) J‘Lw.(t) dt (7.76)
l We observe that
{ () = 2f1?exp<—x—§)&3""‘J‘°)(s)
. _ \/- s T 1/2 K(O)
i ve) = ¥7 exp(i] ) K%
-
§ 1oy = 19
i gt) = g0
i oo = pe
g dey = 9w (1.77)
i
g
i
7-15
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TFor n>»0 we observe that

¥

3

n ' ¥

e dd,, () |
N ‘

e = jr £(6) | 1
. no |
p(n)<£) = d;n p(E) !

=
U

™y - L g

a”
a0
s - 5 7 ;
3
) : 40
kP = 4 gy, (7.78)
ds
For all values of n we nhserve that
Dy LA LM,
Z . (é) aE Z(E)
where Z(“)(g) denotes any of the functions Jf(")(g), K(n)(g) . f(n)'(g)v, g(n)(E),
g(n)(g)’ fl(n)(g). For ¢ >0 we also have the property
© -1
2y - - [ 20 Ve a
3
7-16 |
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We have also defined a set of functions

, m+1
(n) ! n {WI (tf’
Jm (&) = oni _/ t exp(igt) T dt
20, I‘ L"" 1\"IJ
n [ w {t) 1m t1
K@ = [ exvtiey l~—~* J a
r
- ' m
@ " L | W
o o) b ooede w1<t){—wl(t)\ o

{m in n . ! " (t)‘ " d | ‘
; 1

() i | {WH“) "
), o i S R R Do B

r &)y = ~ ft exp(iét) C ot | WD dt :

RAFRLZIN S S .
m : !
, - w (t) : ]

n [ (7
s Wy - = [Pewuty _[W'I(t)n} dt @-79)
T Wi _

which also posscss the propebrty
I d
20 Ve - 8 2l e
For m~—0 we have
{n n
i = a™ e k) = ke
n
e = @ eV = M
(7. 80)
7-17
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and we define

Wy =W - f £ exp(igt) - 1o dt
T rw1 (t)]
(n) n) {0 n 1
s 6 = (§) = t exp(itt)——p dt
© ﬁ“rf | ’ [w'l(t):]z (7. 81)
and
(0) 1 R 1
re (&) = r{) = —— [ exp(itt) — dt
° " | Vr rf [w,®] °
S(o)(i) G / exp(itt) —— —— dt (7.82)
° ‘ Jrp [ w07 ,

The properties |

Ay .1, 4y
| (

i)y L t 7 a
gy e i Y > b (7'8‘?‘)
i \“-'l u)‘ /v wf(t) . at w,{t) / [_ w1 (t)_‘a
" can be used to show that
r() = itp@)
1 ds () N | N
R R sy
More génerally, we have
in vty 4 1 o
[t exp(ift) ——— dt = -—== [T T exp(idt) | odt
wi(t)] Sro ) oW dt
T
1
- Fv® e o ety dt
w, () |
7-18
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so that
My = ™+ 13 N (7. 85)
In a similar manner we obtain
S - e ng™ e (7.86)
We have also defined the functions
? a/o _
aWy o ep(1E) o - VAL \5 32 >(§)!
‘ dé
n) - v / 2 n = ) |
Wy - vw el 1) 2k e Y l—ln \ 172 °’(£)] (7.87)
. 4 (£ .
:md
. Lo Wit
; u(g)‘;» :/;Tr:--JOO(Hcp(IH) (t) dt
e Cew ()
S __]_ T oxnlifs ___1 -d
v({t) - ",/__W_j gx.p(1gt) w’g(t),‘ it
1 w ' Wl\t) 1
(Y - —— (s Y ee——
c(t) = exp(iLt) v (t) w](t)
. w0 W (D)
PR i I
d@) = = -[aexp(xgt) v S dt
Ao L[ _,L)_d
k(&) \/._‘_‘1 exp(i&t) ) t
ML ey VB
O = l explitt) Wi -dt
(7.88)
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| "ALTERNATIVE PATHS OF INTEGRATION

In the last section we expressed the integrals in the form

0 ..
f exp(itt) ... dt = on [ expiigty. .. at
-0 I
‘-. T e . —— - T —————
Pryce's form . . Fock's form

We also find it convenient {o follow a suggf*stion made by Rice in 1954 (Ref. 34)
and express these functions in the form of inverse laplace transformb This.
_can be done by rotating the coordinatu u3rqtexll by defining o o ‘ i

t

—

o = exp(i —2—,7I—

and by ﬁsing the propérties of the Airy fuﬁctiorls which are given in Fig. 13. We. '

then define

= texp(-in/6) = (VT-nie/2) @

and arrive at the following forms

8-1
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u(t)

| —

v(it)

Mod ©

T

Tig. 13 Behavior of Airy Funciions on the Rays a

o
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exp( 1:’T)C+i°° o

Y _ 6 n Al (o .

gy = o\ oy Adle)
(&) P J o exp(xa) Ailc) do

: .n-2 \c+iw -
T [ e exnte) g1 e
ami c-ieo

.n+4 > Cc+ieo

£y - ‘exp<*1 [ o exp(xa) A—}@ da
27i

fa}

c-ieo

(n) exp(—i E'n') et i n
g = - °\_6 : o exp(xoz)A ,( 3 do
2ni clieo
: w1 N .271")
. nt4 \ Ctieo . Ail exp(-i5H) Al
3y = o p<_ e T atemste) M-(Ev) -
2ni

Cc~io -

i . - golifa) (jlwdnef";ﬂxoa) Al r“"p< %)

2 n‘f A
C—-10

doy
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Inverse
Laplace
transform

representation

(8. 2)

where', for n =0, we cantake ¢ to be any real umshmt larger than the sma]lest

“root of the Airy integral Llppeamng in the denominator. For n <

< 0 the integrands

are singular at the origin; in this case we tuke ¢ o and define the cont‘.our to be

indented at the origin by a half-cirele lying in the left-half plane.

contour to a form equivalent to‘that used by Fock, namely,

c+im
/ exp(xa) ...da = / exp(a) ... da
¢-100 L.

where L is the contour illustrated in Fig. 14 where oy

of the Airy functions. Ai{w) or Ai’r(oz) .

LOCKHEED AIRCRAFT CORPORATION
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a—PLANE

Fig. 14 The Contour L

If we use the Wronskian relation

Ai(e) Bi'(e) - Ai'(0) Bi(e) -

o

and the relations. :

. c2ny 11 fom
A1“ exp(—l 3 )a_l i \,Apkl G)

Bi(a) - iAi@)

-

N 5oy | :
AR exp(—iz—,;L) w ] = % exp<i %”) Bi (@) - i Al (« (8.3)
we find that
Ai[exp (—i;ﬁr)aj ' exp(i ﬂ) 7 o o
Ao s NS H L VB (8.4)
do Ai(a) 27 TAi(a) 2
and
4 [Ai'[exp(—i 257r) a}] G exp(—i g) .5
da | Al (@) T 27 [Ai'@))? '
Lon
8-4
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For x < 0 (i.c., for & =0), these results permit us to write

. [ m As T { 2.71\’ |
~ exp\L G xu.L Xl \ P /-"’
pl&) = - T L[ exp(x@) Ry dey
m % T
exp!1 ) explxa) A1Lu<p< ,3) ] o exp(xﬁ) ]
= ot exp(xa)
wr doz X Ai(a) oy 71X ;
.27 - ' e
Ai exp(—_ i ——>oz exp 1—)
a-(i— [ A 3/ de = 2—1-— __(_§ - J exp(xa) ———-1-——2 da
a i{@) n o x 0 [Aia)]
. (8.6)
and
a) L j ( )Alvr P 1-3);]_(1& _ [&
NS/ et Zfﬁ L OXD X(y P’;[ (u) ~ L= 2\/"IT i d{}l
.‘ Af i —-)oz:I Ai [exp(—i’*—) ]
exp(xe) _ - ( i f 3/
{ X ' A1 (@) C2 exp(xa) lov Ai'(o) da
L
' cxp(' -
2% ‘) exp(xat) dav « (8.7)
T o oyw x !
w2 AL (a)] :
since
f—d— exp(xa) All—cxp\1———)a] o
do X Aifw) )
L 2
' ~ Con ) | @ Rexp 1—571
_ lim |exp(xo) Al]-exp('*_?)a»{‘ . lm expigR) _ |
T R— o X Ai({;v) a=Rexp -1 g(_;[ R B
§5-5
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and

/ &

wlfr

exp(xa) AL ]_e‘cp(
X Aflr (a)

dar

N

o)

=R exp (1 —)
ae 2_1[) o 3
lim | exp{xa) Al Lex;)<1 3 a] 1

- 2m\ lim exp(BR) _
N X Ai{a)

:exp(\i 'Td-) R oo ﬁ

J_ | & ~-Rexp (—i 2;}

o —
where B = exp <~i‘)—g[)c§ = —%(f:B + i) . If £ =0 this inlegral is not defined.

In the evaluation of these limifs wc have uged the properties

Al[R exp(ih )] — ___1__1_/2 exp <——§— Rg/zoos-é 6\ exp[ (é 3/zsm 6+ Z—)-l
R—~w 2V7 R _
1/4 .
i! (5)) e - 2p¥2 3 (? rRY2 . 8, _ g)
Ai [R\exp(lé )] SR exp( 5 R “cos 26) exp[ SR Tsing 35 2

valid for ¢ = 7 . The representitions

Jra,

PE) o EX_PQ )f exp(xa)

— dg ﬁ(g) - Lx—pgﬁ)f exp(xa)

) e ¥) _‘2— do
21T 2vTx [A1(oz_] 2 meve X g - [Aia)]
offer a number of advantages over the previous representation,
8-6
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1\1[oxp( 2 ")a ]

J =2 da = [ ?T,T.' A do
L-“Il L [Ai(a)] o ;J uiy n.x\u)
- : 2T
oy [0
im Aifexp —i*f-)a] :]f 3 e
"R | T AT) | =exp(i ')
: ) | o Rexp(ﬁ Sl\)
exp(—i~) Ai [exp( 18 ) o]
o » do; = [ de Aif(a) da
[Ai'(e) ] I
P o Rexp(\i—m)
_ lim Al [exp( ‘3)0’]] -
R ol
]‘a Rexp( 'i)
permit us Lo s}}O\V that
exp (-1
p(g _l__) = - 1 -
{0 2\/_ X 2¥r e .
A ’ exp(—i%—) 1 ' :
_— A 8.8
1) S T x T T e &8
Since x = gexp(-i@ we ohserve that
27\ =~ 1 1 1 - ”
= xexpli<g) ) = - 5= 7= [ explxe) —- do = r(£)
1§P(£) ( 3) s 2n 2\/?]’ I’[ ‘_Al((l)]
~ V | 1 1
(1@ = xow )0 - - oo [ ek - ek Dy .9

LOCKHEED AIRCRAFT CORPORATIONM
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These representations for the integrals have the remarkable prorerty of involving
only Ai{e) and Ai'(oz). In order to jusiify the rotation of the contours, or other

modifications of the path of integration, we need only consider the asymptotic
ot

behavior of Ai(a}, Al

A\ Fows o o oan m, Geswpresnd il ia bl
joinr oo -rer . Ihe usymptoflc estim

-

(:-.".'
CeAT e 1 2 3/ 36 7
Ai[w exp(16)_|~__ o expl(-i 6/4) expL—w /exp( 9 s -n<den
Yy T Z'\vlﬂ :Ylw —
1 . Te 32 ¢
- — ——— ginj 5w + L
MW ST ° [3 4 } (8.10)

are well known. The asympiotic form involving the sine is actually valid for

Ai[— w exp(ié)j] in the more extended region - 'I3 <6 <g . TFor large w and
fixed ¢ , upwever, it coincides with the first exprossion becausce once of the
exponential parts of the sine is negligible compared with the other. It is better to

take the resulf to be of the form

Aifp exnlig)] —

p'—’DO
y -1/4 ) 2 3/ 3¢ .21 2n
2_\/'._17_ P exp( \exp{ 3P exp( 5 ) 3 <9<
—\/E-“ o Aexp(ﬂi) nxp[ ihsfoxp< E(L